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PREFACE. 

In the following pages an attempt has been made to present 
the elements of the Calculus in a way that will appeal to 
comparatively immature students. The reasoning is based 
essentially on the graphical representation of a function, and 
it is hoped that students who have obtained a firm grasp of 
the meaning of such representation will be able to gain, with- 
out serious difficulty, a right apprehension of the meaning of 
a differential coefficient. I have deliberately abstained from 
crowding the book with diagrams, because I assume that 
before the student begins the study of the Calculus he will 
be quite familiar with the methods of graphing the ordinary 
functions and will have reached the stage at which he can 
at once form a mental picture of such graphs. From the 
educational point of view the graph is not so much an end 
in itself as an aid to the comprehension of the variation of 
a function. 

In all practical applications of the Calculus the consider- 
ation of a differential coefficient as the measure of a rate of 
variation is of the utmost importance, and this aspect of a 
differential coeflScient can be very readily understood by 
any one who is familiar witb graphical work. The only 
satisfactory way, however, by which the conception of a 
rate can be adapted to practical uses is, in my judgment, 
the method of limits ; I have therefore used that method, 
throughout the book. 



,V1 PREFACE. 

The first eight chapters treat of algebraic functions alone^ 
and they contain many of the simpler applications of the 
Calculus; the chapter on Graphical Integration may, if 
desired, be taken up as soon as these chapters have been 
mastered. The discussion of the circular and exponential 
functions will probably be found distinctly harder; but 
long experience has convinced me that the diflSculties are 
due not to the nature of the Calculus but to the student's 
imperfect knowledge of trigonometry. It seems to me that 
a student who has not a firm grasp of the Addition Theorem 
should postpone his study of the differentiation and integra- 
tion of circular functions till he has obtained that grasp ; 
the Theorem is absolutely necessary for many of the most 
important applications of trigonometry and is, after all, 
very easy to understand and apply. 

I have included a short discussion of the Fourier Series, 
because of the numerous applications it is now receiving in 
elementary work ; in the sections that treat of the decom- 
position of an empirical function I have given a solution, 
due to Professor Runge, which seems to me to be thoroughly 
practical. 

It may seem to many that I have tried to build on too 
slight a foundation of elementary mathematics. I am well 
aware that a thorough knowledge of the Calculus can only 
be obtained by those who have had a broader training in 
the elements of mathematics than I assume in my readers ; 
but I have for several years given courses on the Calculus 
to large classes of evening students and I have found that 
it is quite possible to do much good work on the lines 
followed in this book. A student, however, who wishes to 
profit by the course laid down must work many of the 
examples in the various sets of * Exercises ; the principal 
results in differentiation and integration must be as familiar 
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as the multiplication table, and the best way of acquiring 
that familiarity is* by working numerous examples. The 
time required for this purpose is by no means so great as 
many people suppose ; in any case, that familiarity must be 
acquired if the Calculus is to be the instrument and not the 
master of the student. • 

In conclusion I desire to tender my cordial thanks to 
several friends who have encouraged me in the production 
of the book: to Mr. P. Bennett, Mr. W. A. Lindsay, Mr. P. 
Pinkerton and Mr. A. T. Simmons for very efficient help in 
proof-reading ; to Mr. J. Dougall and Mr. J. Mfller for the 
>olutions of the examples ; and to Professor R. A. Gregory 
:or his most helpful advice at all stages of the progress of 
the book. I must also thank the printing staff of Messrs. 
MacLehose for* the excellence of their share of the work. 

GEORGE A. GIBSON. 


8 Sandtford Place, 
Glasgow, W., Nov. 1904. 
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CHAPTER I. 

INTRODUCTION. 

1. Graphs. In the following pages the processes of 
differentiation and integration are so closely connected with 
the graphical representation of functions that it seems 
proper to begin with a short reference to graphical methods. 
These methods, however, have in recent years been so 
widely adopted, even in elemental^ teaching, that a very 
brief reference to them will be sufficient. In this chapter 
we summarise the more important properties of a graph 
and explain the meaning of various technical terms that 
are constantly used. 

If paira of numbers are chosen at random and the points 
plotted which have these numbers as coordinates, there 
will be no orderly arrangement among the points: they 
will be scattered all over the diagram. If, however, the 
coordinates are connected by an equation the case is altered; 
the points will now be arranged in a manner that suggests 
a definite curve on which they all lie. This’ Curve is called 
the graph of the equation while, in reference to the curve, 
the equation is called the equation of the graph. Other 
phrases are often used to expi^ss the connection between 
the equation and the graph. Thus, the equation is said to 
be represented by the graph, while the graph is said to be 
given by the equation; the curve is, so to speak, the 
geometrical counterpart, or picture, of the equation. 

In graphical work a point is specified by its coordinates, 
and the point is said to be given when ite coordinates are 

G.I.G. A 
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kiiown* Xho fuii<iEni6ntal connBctioD. l)6tw66D 8» point ftnd 
the graph of an equation may be stated thus : a point does 
or does not lie on the graph of an equation according as its co- 
ordinates do or do not satisfy the equation of the graph. 

2. Variables and Constants. The equation 

y^ax+h, (1) 

which is of the first degree in the coordinates x and y, has 
for its graph a straight line; from this property an equation 
of the first degree is often called a linear, equation. It is 
important that the student should thoroughly understand 
the parts played by the symbols a, h on the one hand and 
the symbols 05, y on the other. 

The letters a, 6 fix the position of the line ; to each set 
ctf values of a, b there corresponds one line and to each line 
there corresponds one set or values of a, fe. For any one 
line the letters a, h denote fixed or constant numbers and 
are called constants. 

On the other hand, when a definite line has been chosen 
by means of the values selected for a, 6 the two numbers 
Xy y may be any two numbers that satisfy equation (1): 
the only restriction on our choice of x and y is this, that 
they must satisfy (1); and every such pair of numbers 
determines a point on the line. 

The relation which the equation establishes between x 
and y may be considered in a slightly different way. As 
a point moves along the line given by (1), the x of the 
point goes through, or taheSy a succession of values ; the y 
of the point also goes through a succession of values, but 
the values*that y takes can be calculated from the equation 
when those of x are known. In other words, a? is a variable; 
so is Vy but, since the equation fixes the value of y as soon 
as a definite value is assigned to x, the variable y is said to 
be dependent on the variable x. The succession of values 
has been supposed to be first assigned to a? ; a? is therefore 
called the independent variable of the equation. 

We might, of course, first assign values to y and then 
calculate the corresponding. values of x from the equation; 
y would now be the independent and x the dependent 
variable. It is usually a mere matter of convenience which 
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is taken as independent; that variable whose values are 
the objects of inquiry or calculation is the dependent one. 

In general, the letters that occur in an equation belong 
to one or other of the two classes, constants and variables ; 
the constants fix the position of the curve with respect to 
the coordinate axes, while the variables are the coorainatea 
of a point on the curve. It is customary to denote constants 
by the earlier letters of the alphabet, a, 6, c, . . ., and variables 
by the later letters z,y,x, ; but this custom need not be 
observed unless it be convenient. 

3. Function and Argument. Another way of stating the 
connection between two variables, one of which is dependent 
on the other, is to say that the dependent variame is a 
function of the other variable, which is then often called 
the argument of the function. 

The graph an equation shows very clearly how the 
function varies as the argument changes. The abscissa is 
usually taken as the argument or independent variable, 
and the ordinate then represents the function; the graph 
is therefore often called the graph of the function. 

The graph of the function is a straight line and 

therefore aa?+6 is often called a linear flmction of x. 

As a rule, we shall suppose the relation of a function to 
its argument to be expressed by an equation; in experi- 
mental work, however, the relation is often expressed in 
the first instance bv a graph, and it is an important, and 
often a difficult, problem to find the equation of the graph 
and thus express the connection ^between the function and 
its argument by an equation. 

The following examples illustrate various matters of 
terminology. 

Example 1. The variables x and y are connected by the equation 

express y explicitly as a function oix» 

The equation clearly makes y dependent^ on a?, for if we give to x 
any value we can calculate the value of ^ ; in mathematical language, 
the equation is said to define y as a function of x. To see more^ainly 
how y depends upon x^ solve the equation for y in terms of x* We find 

4r— 3 ^ 
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y is now said to be expressed explicitly as a function of while, so 
long as the equation is not solved for .y, it is only implicitly expressed 
as a function of x ; in the unsolved form of the equation y is said to 
be an imj^icit function of x^ while in the solved form it is said to be 
an explicit function oi x. 

The equation also defines x as a function of y, namely, 


X— 


7y~3 


as may be seen by solving the equation for x. Both functions are 
fractional functions of their arguments. 


Example 2. A stone is thrown vertically upwards with a velocity 
of y feet per second ; assuming that the resistance of the air may be 
left out of account, express the distance travelled in a given time as a 
function of the time. 

Suppose that in t seconds the stone has risen e feet above the point 
of projection ; then it is shown in books on mechanics that 

where ^ is a constant, equal to 32*2 approximately. The distance 
travelled is therefore a function of the time ; sin«e the time t enters 
into the expression of the function in the second and no higher degree, 
the distance « is a quadratic function of the time t. 

. The velocity v at time Ha a linear function of the time, because 

u=i V-gt, 

In this example t, v are variables ; F, g are constants. 

Exarnple 3. A point moves in a circle of radius 5 with its centre at 
the origin of coordinates ; express the ordinate of the point as a 
function of its abscissa. 

Let Xy y be the coordinates of the point in any one of its positions ; 


then x^+y^==26, (i) 

and therefore y = ^^(25 - .r-) (ii) 


To express y fully,' we must temember that the. root may be either 
positive or negative ; the symbol is two-valued^ namely, is 

either +^(26*-;r2) or - The + sign goes with points 

above the A'-axis, the - sign with points below that axis. 

Equation (i) defines y implicitly as a function of x. It often 
happens, as in this case, that there correspond two (or more) values 
of the function to any one value of the argument. We must, of 
course, restrict ourselves to on« of these values at a time ; we may in 
fact consider y to be made up of the two functions 

y=+V(25~^*) and y= -^(26-072), 

each of which is single^alued, that is^has only one value of v for any 
one value of :r. ^ j 

It is also to be noted that y is only defined for values of x from 
to x^b. For values of x greater (numerically) than 5 the 
values of y are imaginary. ^ n j, 
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4 lavarse Fonctions. As we have seen in §3, example 1, 
an equation between m and y not only dehnea y as a 
function of x but also defines os as a function of y. Two 
functions thus ,definei„by:„QHe .equation .are said, .to’ lue. 
inverse .t 9 _.each other. Thus, as another example, the 
equation y=a?,~v^'en'tolved for x, gives x—ijy, and there- 
fore defines two functions which are inverse to each other, 
namely the cube and the cube root. 

A function and its inverse are represented by the same 
graph, but when the inverse function is not single-valued 
care must be taken to select the proper part of the graph 
when considering the inverse fnneraon. We shall return to 
this matter when we come to discxiss the diiiere'ntiation of 
the inverse circular functions. 

5. Gradients. The coefincient a of a; in the equation 

y=ax+b (1) 

is called the gradient (sometimes, the slope) of the straight 
line given by the equation. 

The following ways of interpreting the gradient are 
important. 

Geometrically, the a;-axis being supposed horizontal and 
the y-axis vertical, the gradient a measures the rate at which 
the line rises or falls. 

When a is positive, the line has a right-hand upwwd 
slope ; a point rises as it moves to the right along the line. 




In Fig. 1 the gradient 18*0 A/CO or BQ/PB‘, the rise BQ 
is a times the horizontal advance PB. 

When a is negative, the line has a right-hand downward 
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slope: a point faUs as it moves to the right along the line. 
In Fig. 2 the gradient is AOfOC or RQ/PR ; the fall RQ is 
—a tunes the horizontal advance PR. 

When a=0 the line is horizontal. The greater a is 
(numerically) the greater is the angle the line makes i^eith 
the horizontal ; when the angle is 90° the gradient is said 
to be infinite. 

Trigonometrically, the gradient a is the tangent of the 
(jaai^e which the line makes with the a;-axis. 

When the line has a right-hand downward slope (Fig. 2), 
the angle may be taken to be the negative angle XCB or 
the obtuse angle XCA’, t&n XCB and t&a XCA are both 
negative. *In graphical work it is usually better to take 
the angle of the gradient as negative in this case. 

Alga)raioaUy,tho gradient a measures the rate at which 
the fraction ax+b varies as x varies. 

If X increases from any value x^ to the value x^+h, then 
y changes from ax^+b to a(Xi+h)+b ; the increase of y^ is 
ah, that is, a times the increase of x. The increase of 
is thus always in simple proportion to the increase 
of X, and the linear function is therefore called a uniformly 
varying function of its argument; the rate at which the 
function changes is constant and equal to a. If a is nega- 
tive, y decreases as x increases ; a decrease is considered to 
be a negative increase. 

The gradient of any straight line which is at right angles 
to the line given by equation (1) is —l/a. 

6. Increments. As a poftit moves from P to Q along the 
line AB (©gs. 1, 2) the amount MM. Iff Pfi h y which tha ^ 
^ the point changeV^islusH&lJy j?aUed. the increm ent of a;. 
When X takes the increment MN or P^i, y ta^esThe 
increment RQ ; in Fig. 2 the step RQ is negative and the 
increment is expressed by a negative number. 

. ^ cases the gradient *of a straight line is obtained by 
^viding any increment of the ordinate by the corresponding 
increment of the abscissa. When the quotient is positive, 
the ordinate increases as the abscissa increases; the function 
represented by the ordinate is then an increasing function, of 
its argument. When the quotient is negative, the ordinate 
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je(d:*ea8e9 as the abscissa increases; the function repre- 
sented by the ordinate is then a deceasing Ainetioa of its 
aigoment. 

Average Gradient. lE^Res. The gradient of a straight 
line is the same for every portion of It, long or short. If, 
however, we toke two points P and Q on a curved line 
(Fig. 3 ) and divide the increment MQ which y takes, as a 
point moves along the curve from P to Q, hy the corre- 
sponding increment PR of x, the quotient oWined will 
manifestly depend on the positions both of P and of Q. 
We must therefore consider what is meant when we speak 
of the gradient of a curved line. 



The increment of the ordinate of a point Which* moves 
from P to Q is the same whether the point travels along 
the arc PQ or along the clm^ PQ ; h ence the gradient of 
the chord PQ, namely PQ/PE, is cialfed the aveiage gradient 
of the arc PQ. When Q is vei^ close to P,*the direction of 
the chord PQ will differ very little from that of the tangent 
PT to the curve at P; the closer Q is to P the less does the 
direction of the chord PQ difj^r from that of the tangent 
PT. The gradient of the tangent PT is therefore taken as 
the gradient of the curve at P. 

If MP, NQ denote two .values of the function represented 
by the curve. (Fig. 8), then the gradient of the ^ord PQ 
measures the average rate at whicn the f unctioU changes as 
its argument changes from OM to ON. (It is easy to see 
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that if, as the argument changes from OM to ON, the 
function were to change at the uniform rate RQjPR it 
would receive the increment RQ, which is the increment it 
actually takes.) Just as the gradient of the tangent PT is 
taken as the gradient of the curve ai P, so the gradieift of 
the tangent PT is taken as the rate at which the function 
fs changing when its argument is equal to OM, the abscissa 
of P. 


A rate of change is t/ie ratio of two amounts of change. When one 
magnitude is a function of another, any increase in this other magni- 
tude will produce an increase, or a decrease, in the function ; the 
ratio of the change in the function to the corresponding change in the 
argument is *the number which has been defined as the average rate 
of change for that change of the argument. 

For the linear function a.r+6, the average rate of change is the 
same whatever be the value, &a,y,fro7n whic/i the argument changes, 
and whatever be the amount, h say, by which the argument changes ; 
the i^tio of the two amounts of change is always a, and therefore 
the linear function is one which changes at a coD*stant, or uniform, 
rate. 

In general, however, the average rate of change of a function 
depends both on the value of the argument from which the change 
begins and on the amount by which the argument changes. When 
the amount by which the argument changes is very small, the average 
rate will clearly give a good approximation to the rate at which the 
function is changing for that value of the argument from which the 
change begins ; the smaller the change in the argument the better 
will be the measure of the rate. 

A rate of change, then, always implies two variables ; an inde- 
pendent (change causing) variable, or argument, and a dependent 
variable, or function. The rate of change of the function is a rate 

with resj^ct to” or ‘‘relative Jo” its argument; for brevity, how- 
ever, the phrase specifying the independent variable is often omitted. 
When the vgunient is specified, such phrases as “the ^-rate of 
change, ‘the .r-gradient,” “the ^rate of change,” “the ^-gradient” 
are often employed, according as the argument is jc or t. 


In calculating gradients we shall usually suppose the 
abscissa (or argument) to i|icrease algebraically ; in other 
wor^, the increment of the abscissa will be taken to bo 
positive. The sign of the corresponding increment of the 
ordinate (or function) will show whether the ordinate 
mc^es or decreases for this increment of the abscissa. 

is,^ 01 ^urse, no reason except that of convenience 
tor choosing the increment of the abscissa to be positive. 
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Mxam^ 1. Find the average gradient of the graph of y*-^, 
(i) as X increases from 2 to 2-5, (ii) as x increases from 2 to 2+A, 

(i) When x—i, y=4, and when «=2-5, y =k 6'26. The increment of 
X is 0’5, and the corresponding increment of y is’ 2'25. Therefore, 


av. grad.= 


(2jy-2g_^2-25 
“’2-6-2 * 0-5 


4-6. 


^ (2 + hy. Therefore, 
_(2+A)a-23 4A+A2 
-2““’ h 


=4+A» 


(ii) When d7=:2+A 

Example 2. Find the average gradient of the graph of (i) as 
X increases from —2 to — 1*5, (ii) as x increases from —2 to — 2-f A. 

(i) In this case the increment of x is -1-5 -(-2), that is, 0*5 ; the 
corresponding increment of y is (-1*5)® -(-2)-*, thA is, -1*76. 
Therefore, -1‘75 

av. grad. « = - 3*5. 


(ii) The increment of x is (-2+A)-(-2), that is, A; the cor- 
responding increment of v is (-2-f-A)®-(-2)®, that is, -4A-hA®. 
Therefore, , -4A+A® 


av. grad.-=- 


L^«-4-|-A. 


Note that the increment is always calculated by sub- 
tracting the value from which the variable changes from 
the value to which it changes. 

Example 3. What is the average rate at which the function 16^® 
changes, (i) as t changes from 2 to 2+A ; (ii) as t changes from -2 to 
-2 -hA? 

(i) av. rato=i^^^±|^~^*=64+16A; 

(ii) av. -64+16A. 

. Let 16^® be the number of feet a stone falls in t secon&s ; then the 
increment of 16^®, as t increases from 2 to 2 -I- A (nAmely, 64A+16A*), 
is the distance in feet which the stone falls during the fraction A of a 
second succeeding the fii’st two seconds of its fall. The quotient of 
this increment by the corresponding increment A of ^ measures the 
average velocity during the intervan the average velocity is there- 
fore 64-I-16A feet per second. 

8. Turning Points. Majdma and Minima. The simplest 
way of studying the properties of a function is often by 
examination of its graph. Suppose a point to start from 
A and to move along the curve ABG... (Fig. 4), and con- 
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aider in the first place how the ordinate changes during the 
motion of the point; the variaticm of the function is, of 
course, represented by the variation of the ordinate. 

As the point moves from A to J5 it rises, and the ordinate 
increases; when the point passes B it begins to descend, 
and the ordinate begins to decrease. The point B is called 
a turning point of the graph, and the ordinate at B, namely 
BB, is called a turning value of the ordinate ; by analog, 
the value of the function represented by WB is called a 
turning value of the function. 

As the point moves further along the curve it continues 
to descend till it reaches D, but on passing D it begins to 
ascend. D is therefore another turning point of the curve. 



and D'D a turning value of the ordinate, or of the function 
which the curve represents. 

Other turning points are'J", H, i, N, P. 

The ordinate at B is greater than any other ordinate 
near it and on either side of it ; the value of the ordinate 
at B is therefore said to be a maximum. AttZ>, on the other 
hand, the^ ordinate is less than any other ordinate near it 
and on either side of it ; t^e value of the ordinate at D is 
therefore said to be a minimn ni- 

The ordinates at P, Z, and P are maximum ordinates ; 
those at H and N are minimum prdinates. 

The meaning just given of tfie words “maximum” and 
“ minimum ” is that usually assigned to them id mathe- 
matics. A maximum ordinate is not necessarily, though it 
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sometimes is, the greatest ordinate of the curve; an ordinate 
is a maximum if it is greater than any other ordinate near 
it and on either side of it. A maximum may even be less 
than a minimum ordinate; thus L'L is a maximum ordinate 
but it is less than the minimum ordinate D'D, 

For the values of x corresponding to the arcs AJ?, DF , ... 
the function is said to be an increasing ftinction; as x in* 
creases from OA' to OF, or from OF to 0F\ the value of 
the function increases. On the other hand, for the values 
of aj conesponding to the arcs BD, FH, ... the function is 
said to be a decreasing flmction ; as x increases from OF to 
OF, or from OF' to OH', the function decreases. A turning 
value of a function is a value at which the function either 
ceases to increase and begins to decrease, or else ceases to 
decrease and begins to increase. 

9. Variation of the Gradient. Point of Inflexion. We 

shall now consider how the gradient of the curve varies, 
and in this discussion we shall think of the gradient at 
any point of the curve as the (trigonometrical) tangent 
of the angle that the tangent to the curve at the point 
makes with the a?-axis, which we suppose to be horizontal 

Let us first make clear what is meant by the angle that 
a tangent makes with the cc-axis. By the angle between 
a tangent and the j?-axis we mean the acute angle between 
the tangent and the positive direction of the cr^axis. If we 
suppose the line An in Figs. 1, 2 to be the tangent to a 
curve at the point P then, in both figures, the angle that 
AB makes with the aj-axis is tlie angle XOB or its equal, 
the angle PPQ. In Fig. 2, however, AB has a. right-hand 
downward slope and the angle XCB^ is negat%ve\ the 
gradient, which is equal to tan XCB, is also negative. 

Another point to be attended to is this, that we are 
concerned not merely with numerical but with algebraical 
increase. When the angle XCB is negative so is ten XOB ; 
as XCB increases numerically, the gradient tenJTOJB 
decreases algebraically. , In other words, when a line has 
a right-hand downward slope, the greater (numerically) the 
angle of the slope the less (algebraically) is the gradient of 
the line. 
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Let us now suppose that, as a point moves along the 
curve AB ... (Fig. 4), the tangent is drawn to the curve at 
each position of the moving point, and let us notice how 
the gradient of the tangent changes. It will be convenient 
to think of a moving line accompanying the moving point ; 
when the point is at A we shall suppose the line to coincide 
With the tangent at A and, as the point moves along the 
curve, we shall suppose the line to move with it in such a 
way as to coincide always with the tangent to the curve 
in each position of the moving point. 

As the point moves from A to B the angle of slope 
is positive but decreasing, and therefore the gradient is 
positive and decreasing ; the moving line rotates clockwise. 
At B the moving line is horizontal and the gradient is zero. 
As the point moves from B to C the angle of slope is 
negative and increasing numerically, but the gradient, 
being now negative, is still decreasing algehraically \ the 
moving line continues to rotate clockwise. 

When the point passes C, the angle of slope begins to 
decrease numerically and therefore (since the angle of slope 
is negative) the gradient begins to increase algebraically; 
the moving line now rotates anticlockwise. At 0, therefore, 
the gradient ceases to decrease and begins to increase; 
the gradient has a turning value at C, and this value is a 
minimum. 

As the point moves from G to D the angle of slope 
decreases numerically and the gradient increases alge- 
braicalljr; the moving line rotates anticlockwise. At D 
the moving line is horizontal and the gradient is zero. As 
the^ point moves from D to E, the angle of slope is now 
positive and increasing and the gradient, which is now also 
j^sitive, continues to increase ; the moving line also con- 
tinues to rotate anticlockwise. 

^When the point pf^ses jB, however, the angle of slope 
and the gradient begin to decrease while the rotation of 
the moving line again becomes clockwise. At E therefore 
the OTadient ceases to increase apd begins to decrease ; the 
^ turning value at E, just as it has at C, but 
at E the turning value is a maximum. 

Proceeding in this way, we see that turning values of the 
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gradient occur at /, G, g, K, M, At G the moving line is 
horizontal. 

Definition. A point on a curve at which the gradient 
has a turning value is called a point of inflexion, and the 
tangent at a point of inflexion is called an inflectional 
tangent. 

It will be noticed that at a point of inflexion the curv^ 
crosses the tangent; the character of the curve near a 
point of inflexion is shown more clearly in Fig. 6. 



Fig. 5. 


We may further note that the portion ABC of the 
graph (Fig. 4) is convex upwards, wliile the portion CDE 
is concave upwards. So long as the gradient is a decreasing 
function, the curve is convex upwards, while so long as 
the gradient is an increasing function the curve is concave 
upwards. The point wliere the change from convexity 
to concavity takes place is a point of inflexion. 

10. Continuity. In tracing curves from their equations 
the student must have observed, that near their turning 
points the ordinate usually chi^nges very slowly, and that 
at the turning points the gradient is zero. It is, however, 
quite possible to have a turning point near •which the 
ordinate does not change slowly and at which the gradient 
is not zero. The point P (Fig. 4) is such a point. 

From the graphical point of view, a curve w;hich has a 
sharp peak like P is simple emough; but, as a matter of 
fact, no curve given by an ordinary equation such ad We 
shall deal with ever shows such peaks. The occurrence of 
a peak is usually associated with a discontinuity of the 
gradient. We shall refer very briefly to the question of 
continuity. . ■ 

In all ordinary functions (except, it may be, near a 
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limited number of values of the argument) a small change 
in the argument produces only a small change in the 
function. This property is reflected in the graph; the 
graph as a rule forms a continuous, uninterrupted line. 
Suppose, however, that we consider the variation of the 
gradient of Fig. 4. As a point moves along the curve the 
gradient changes steadily till the point approach^ P ; as 
it approaches P the gradient is positive, but when it passes 
through P the OTadient suddenly becomes negative. The 
gradient passes from a positive to a negative value, jumping 
over (so to speak) a whole series of values. In mathematical 
language the gradient is said to be discontinuous at P. 

The ordinate of the curve, on the other hand, is con- 
tinuous all along the curve ; in passing from any one value 
to any other value, from A' A to QQ say, it takes once at 
least every value between A'A and Q'Q, and it makes no 
jump anywhere. 

It will always be assumed that every variable is a con- 
tinuous variable. This assumption implies (i) that a small 
increment of the argument of a function produces only a 
small increment of the function, and (ii) that as the variable 
changes, say from a to 6, it assumes once at least every 
value between a and b. 

11. Notation for Functions. A function of a variable is 
often denoted by enclosing the variame in a bracket and 
prefixing a letter ; thus, /(«), J’(x), <p{x) denote functions 
of as. The letters /, F, ^ are functional symbols, not multi- 
pliers: the symbol f(x) lAust be taken as a whole and 
means simply “ some function' of x" the context or an ex- 
plicit statement determining which particular function is 
meant. ^For different functions occurring in the same in- 
vestigation different functional symbols must, *of course, be 
used. 

/(a) means “the value of flie function /(») when x has 
the value a,” or " the value of the function fix) when x is 
replaced by a.” Thus, if /(«) denotes the function 

2a;2-3a!-4, 

then /(0)=-4, /(2)=-2, /(-2)-10, 

/<» i )= 2 » i *~ 3 «! i - 4 , fix^+h)^2{x^+hf-Bix^+h)-4i. 
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Tho beginner should note that an accent or a suffix 
attached to the functional letter indicates a dijterent 
function from that denoted by the same letter without the- 
accent or suffix; ihxiB, f{x), /'(x), ffx) denote three different 
functions. An accent or suffix is often used to indicate 
that, though the function whose letter bears the accent or 
suffix is a different function, yet it has some special con-' 
nection with the function denoted by the same letter 
without an accent or suffix. 

12. Notation for Increments. If P is tho point (aSj, 
and Q the point (x^, y^) then, as a point passes along the 
arc PQ, the x of the point changes from ajj to and the 
difference x^—x^ (not a^—x^) has been called (§6) the in- 
crement of as; similarly, y^—y^ is tho increment of y. We 
shall frequently have occ^on to deal with increments, and 
it is convenient^to have a notation for them. We may, 
if we please, denote x^—x.^ by a single letter, say h, and 
yj— Iby a single letter, say k; then 

x^-xi-h, X2=xi+h; y2-yi=k, yi^y^+h. 

The coordinates of Q (those of P being ajj, y.^ are now 
®i+^) yi-fA!, and the gradient of the chord PQ is klh. 

There is, however, a more suggestive notation for an 
increment, namely, tho letter 8 or A* prefixed to the value 
of aj or 1 / from wh^ the increment begins : thus, Sx^ or 
Aa?!, 8yi or Ay^. The symbol 8x■^, pronounced “delta ajj,” 
must be taken as a whole', 8 is not a multiplier. The 
square, cube, ... of ^a^ are written {8x^^, {8xff , .... 

In this notation the gradierit of the chord PQ w 8yJ8Xy 

We shall now work some examples ; aften reading these, 
the student should try Exercises I. It is necessary for him 
to be quite fdmiliar with the notation. 

Example 1.' If /(x)=x^~3x+l,^id the value of /(O), /(l),/(- 1), 

and write down /(«+ A) in ascending iwwers of A. , 

means the expression or function ; /(O) means the 

value of /(a?) when ^=*0. Hence 

d and 4 are the forms in the Greek alphabet of the small and capital d, 
the first letter of the word •• difference.” 
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Similarly, /(l)»l-3xl4-l* -1, 

and /(~l)«(-iy-3x(-l)+l»3. 

Again, to find/(a.+A) replace x in f(x) by o+A ; therefore 
y(a + A) as; (a + A)^ — 3(a 4- A) + 1 

*a3+3a2A+3aA^+A®-3a-3A+L . 

Arranging in ascending powera of A, we find 

y(a 4* A) =a» — 3a 4- 1 + 3 (a® — 1 ) A 4* 3a A^ + A®. 

The terms independent of A are simply /(a) ; we may therefore write 
/(a 4- A) »/(a) 4- 3(a2 - 1) A + SaA^ 4- A^. 

How could we show, without calculation, that the terms independent 
of A must be /(a) ? 


Example 2. If i^(.r)«s2.r®-3^- 4, find the gradient of the chord 
joining the*points on the graph of F{x) whose abscissae are 1 and 1-5. 

75^(1) ~ -6 and ^(1*5)=«~4. 

Incr. of abscissa* 1-5 - 1»0'6 ; iner. of ordinate* -4-(-6)*l. 


Hence 


grad.* 


incr. of ord. 
incr. of abs. 


\ 

0*5 


2 . 


Example Z, If JF’(a7)*24;2-3a?-4, find the gradient of the chord 
joining the points on the graph of F{x) whose abscissae are Xi and 

iTj 4* 

F{x^ == ^Lx^ - dXi - 4, 

F(xi 4- * 2 (^1 4- Bx^y - 3 4- Bx^) - 4 

* 2xy - 3^1 - 4 4- {Axi - 3) 4- 2(Bxiy 

* F{x{) 4- (4a?i ~ 3) Bx^ 4- 2 (Bxif. 

The increment of the ordinate, corresponding to the increment 8 xi 
of the abscissa, is i^(.ri4-&ri) or, in the notation of increments, 
Now 

BF{xi) * F{xi +Bxi) -^F(xi) = (4^^ - 3) Bxi 4- 2 ( 8 x 1 )% 
and therefore grad.«^^^*4.ri-34-2&ri. 

Example 4. If in Example 3 we give to Bxi in succession the values 
1, 0*1, 0*01, what are the successive values of the gradii&nt ? 

If P is the point whose abscissa is Xi, and Q the point whose abscissa 
is xy^Bxi, the question is equivalent to this : what are the gradients 
of the three chords obtained by joining P to^ the three positions of $ ? 
The third pwtion of Q is very close to P, and therefore the gradient 
of PQ in this case must be very nearly equal to the gradient of the 
talent at P. . - 

"K) obtain the required values, we have merely to substitute 1, 0*1, 
0*01 fop in the expression for the gradient. We find 
4a?i-l, 4a7i-2*8, 4r,-2*08. 
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» Exawfit^. If y-loga? find the value of when «i=20 and 

1, 0-6, using foor-fignre logarithms. 

&»,=2, «3ri«log22-Iog20, 2]^ » 0-0207, 

^ 1 = 1 , ^,=«l«g21-log20, ^Jt«2;^i2»of)212, 

&if,=.0-5, 5^1= log 20-6 -log 20, §5i=2^^«0-02ie. 

U*0 

Whon the value ot 4? is fi$y 4?*»600, and the values of &r? are 
small integers or proper fractious the four-flgpre tables are not 
sufficiently accurate to show the r^tive magnitudes of the gradients. 


EXERCISBa I. 

1. If/{r)=64?*-74r+2,calcukte/(0),/(|),/(2),/(--l^^ Showthat 

/(rj + ari) =./(4ri) + (IO a'i - 7) 4- 6 

2. If /(r)=« 4 ^+!F 24 ..r 4 ‘l, calculate /(O), /(JX /(-iX Show that 

/(r j + 8^j) =6=/(4ri) + + 2ia?^ 4- 1) "h "h 4* (&ri)* 

3. If /^(4?)=34?2+2r-l write down J'(flr4?4-6), F(x^). 

4. If /(4?)=sin.r, the angle being measured in degrees, calculate 

/(O), /(30), /(47n /m> 

5. If /(47)=a3 sin .r 4* 4 COS 4?, the angle being measured in radians, 
calculate /(O), /(tt/S), /(tt), /(l^ /(O'O). 

6. If = log a? aho-i^^ that 

Calculate the gradient of the chord joining the points ( 4 ?|, yi) and 
(4 :x4*34’x, yi4*Syi) on each of the curves ^veh by equations 7-14. 

7. y— 34?. 3. y«=654?4-6. 9. y«a47*4-64;4*c. 

10. y=!=a47*4‘64?®+c4?4-^f. 11. y»l/aj®. 

12. y^log4?. 13. y«10*. 14. y«I0-* 

15. Calculate 8yi/&ri, when y«sin4?, for the following values of 
Vi and ; the angle is measured in radians. 

(i) 4rj«0*5236 ; 84 ?i *0-0524, 0H)349, 0*0176 ; 

(ii) 4 ?i*2-3090 ; 84?x*0O624, 0*0349, 0*0176. 

16. The same problem as in example 16 fdty*cos4?. 

17. The same problem as in example 15 for y*tan4?. 

o.hc. H 
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18. If show that 

[When/( the function f{x) is said to be an even ftinctloii 
of its argunaent. The simplest case of an even function is a rational, 
integral function which contains only even powers of its argument.] 

19. If show that/( -".r)= - /(a?). 

. [When /(^a?)= function f{x) is said to be an odd fonction 

of its argument. /The simplest case of an odd function is a rational, 
integral function which contains only odd powers of its argument.] 

20. State which of the following functions are even, and which 
odd: sin.r, cos.r, tan^:, cosec 4?, sec;r, cot.r, 10*+ lO'*, 10*- 10"*, 
(10*-10-*)/4r. 



CHAPTER II. 

DIFFERENTIATION OF POWERS. MAXIMA AND MINIMA. 

13. Tangent to a Curve. The ordinary conception of the 
tangent to a curve at a point P on it is probably this: 
the tangent is a straight line which meets the curve at P 
but which, if turned ever so little about P as a pivot, will 
again cut the curve near P. We shall put this conception 
in a slightly different form which will lead to a method of 
calculating the gradient of the tangent, and therefore of 
drawing the tangent itself. 

Suppose the tangent PZ’ at the point P (Fig. 6) to have 
been drawn, and consider its relation to any secant PS 
drawn through P and a neighbouring point Q on the 
curve. We do not assume that we know how to draw 



the tangent; we merely make a hypothetical construction 
for the sake of the argument. We can, however, always 
draw a secant ; we merely have to take a point Q on. tne 
curve distinct from P and to join PQ. 

Now, if Q is very near to P the angle TPQ will be very 
Umall, and the position of the secant PS will differ very 
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little from that of the tangent PT. Further, we can draw 
through P a secant that will make as small an angle as- 
we please with PT ; because we can take Q as close to P as 
we please and, so long as Q is distinct from P, no matter 
how close to it, we can draw the secant PS. (This last 
statement corresponds to the property of the tangent PT, 
that the rotation of PT through any angle, however small, 
will cause it to cut the curve again near P.) 

The tangent PT is thus the line that UmiU the position 
of the secant PQ as Q approaches P — limits in this sense, 
that the angle TPQ becomes small as Q gets near to P and 
can be made as small as we please by taking Q close enough 
to P. Hence we may define a tangent as follows : 

Definition. The tangent afa point P on a curve is a line 
PT such that the angle TPQ between PT and the secant 
PQ, through P and a neighbouring point Q on the curve, is 
small when Q is near to P and can he made as small as we 
please by taking Q near enough to P. 

The following examples show the practical nature of the 
definition. 

Exomple 1. Show how to draw the tangent at the point P(2, 4) on 
the par^ola 

Let 0M=% ; let Q be a point near P on the curve and draw 

PR parallel to the ^-axis to meet tne ordinate at R (Fig. 7). 



Calculate the gradient RQjPR of the secant PQ ; we have 
#§=Oir»=(2+ir^)»=4+4JO'+ MN*, 

and therefore 
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Now, the closer Q is to P the less is the lin^iWT; further, by taking 
i\r close enough to JbT, that is, by diminishing the length of Mif far 
enough we can bring Q as close to P as we like. But the smaller MN 
becomes, the more nearly does the gradient RQIPH become equal to 4 . 

Draw, then, through P the straight line FT whose gradient is 4 . 
FT will be the tangent at P ; because^ the gradient of FT is 4 , the 
mdient of FQ is 44* and we can take Q so close to P that the 
difference between these two gradients, namely J/iV, shall be as small 
as we please. In other words, we have found a line FT such that the 
angle TPQ can be made as small as we please by taking Q near enough 
[ to P ; therefore FT is, by definition, the tangent at P. 

Example 2 . Find the gradient of the tangent at the point (^i, v.) 
on the parabola r v 

In Fig. 7 let P be the point ( 4 ?i, and Q the point (x^ + Stj, + ^i) 5 
then the gradient of the secant FQ is given by the equation 


rj 8x1 




=2^1 +8^1. 


Now, when Q is close to P the increment which is equal to MR] 
is small, and by making 8 .r. small enough we can bring Q as close to 
P as we please. Let FT be the line through P whose gradient is 

2xi, 

FT is the tangent at P ; because, the gradient of FT is 2 ^’^, the 
gradient of FQ is 4 Sx^, and we can take Q so close to P that the 
difference between these two gradients, namely 8 u?i, shall be as small 
as we please. The gradient of the tangent at (j?i, is therefore 2 u?|. 


14. Gradient of *a Curve. By the gradient of a curve at 
a point P on it is meant (§ 7) the gradient of the tangent 
at P ; it will, of course, except when the curve is a straight 
line, vary from point to point on the curve. The definition 
of a tangent given in §13 leads, as the examples worked 
in that article show, to a simple method of finding the 
gradient. . 

The process for obtaining the gradient of the tangent at 
P is the following ; 

First, we find the average gradient of the arc PQ (§7). 

Secondly, we find the number to which the average 
gradient tends as the difference^ between the abscissae 
of P and Q becomes smaller and smaller. ^ In most cases, 
as in the examples of §13, this number is evident when 
SyJSx^ has been reduced tonts simplest form. 

*It may be well to warn the beginner that the word curve’* includee 
straight lines as well as curved lines. 
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As another example, find the gradient at the point P on the graph 
of f{x\ where the abscissa of P being 

In this case (Exercises I. 2) 

+ 84) «(3V + 2^1 + 1) + (3071 + l)(&ri)2 + 

and therefore the average gradient of the arc PQ is 

+ 1 +(ari + +(&p,)*. 

The terms containing Sx^ and (8o7i)2 can clearly be made as small as 
we please by making Stj sufficiently small. In other words, Q can be 
taken so near to P that the angle between PQ and the line through 
P whose gradient is 3o7i®+2o7i + l shall be as small as we please. The 
gradient of the tangent at P is therefore 4*2071 + 1. 


16. Limits. The process by which we pass from the 
gradient SyJSx^ of the secant PQ to the gradient of the 
tangent at P is called the method of limits. When SyJSx^ 
is equal to 2x^^Sx^, the gradient of the tangent, namely 
2aJi, IS said to be ^‘the limit of the gradient 2x^ + 8x^ for &x^ 
approaching zero as its limif 
It might seem at first sight as if we were merely taking 
a roundabout way of saying that 2x^ + 8x^ is equal to 2x^ 
when 8x^ is equal to zero ; but it is not so. Let us see how 
we found the average gradient 2x^ + 8x^\ we obtained it 
from the equation 


^y\_ ^^xSx^+{Sx^f 
8x^ ^ 


— 2x-^ + 8xy 


( 1 ) 


Now, ^x-^-\‘8x^ is obtained from the fraction by dividing 
its numerator and denominator by 8Xj^* This division is 
possible provided 8x-^ is not zero, and not otherwise ; 
division by zero is expressly excluded from the operations 
of algebra.^ We cannot take a single step in our work if 
we suppose 8x^ to be zero ; graphically, we should have 
only one point P and not two points JP, Q through which 
to draw a straight line. 

If the student reads §13 over again he will see that we 
nowhere assume that Q ever coincides with P ; rather, we 


-vnJjLa nnY ^ pcrform a division on the 

divi^r IS not zero and then to assume that 
MM division has been eefected, to make the divisor 

zero. Such a proceeding is a mere juggling with symbols. 
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base oar definition of a tangent on what seems to be a fair 
view of the ordinary conception of a tangent. PT will be 
the tangent at P provide we can sdkow that the angle 
TPQ becomes as small as we please by taking Q sufficiently 
near to P. 

In equation (1) we have a quantity which we suppose 
to take smaller and smaller values, tending towards zero:, 
in other words, is a variable which tends to zero. The 
quantity 2xi+Sxi tends, as tends to zero, to the definite 
value 2xi; this statement means simply that we can take 
Sxi so small that 2xi + Sx^ (and therefore also SyJSx^) shall 
diner from 2®, by as little as we please. The technical 
form of this last statement is “the limit of is 2®i 

when the limit of Sx^ is zero.” 

The variable which, in this proce.s8 of finding the limit, 
acts as the independent variable, namely Sx^, may tend to 
some other number than zero as its limit. For example, 

the equation cc®— a* 

=®+a 

x—a 

is an identity so long as x is different from a. If we 
suppose X equal to a the fraction takes the form 0/0, and 
this is a mere symbol without definite meaning. On the 
other hand, thefmction has a definite limit when x tends 
towards a as its limit. For, the equation has meaning and 
is true so long as ® is different from a, and by taking x 
near enough to a we can make x+a (and therefore also 
the fraction) as nearly equal to 2a as we please. The limit 
of the fraction, when x approaqjies a as its limit, is there- 
fore 2a. 

16. Definition of a Limit. Notation. We! shall now give 
a formal definition of a limit. 

Definition. When it is possible to make the argument of 
a given function so neany equal to a definite number a 
that the function will differ frdm another definite number 
.d by as little as we please, that difference remaining as 
small as we please when the argument is taken still nearer 
to a, then A is called tlTe limit of the function for the 
argument tending to (or converging to, or approaching) a 
as its limit. 
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The notation for a limit is the letter L, or the first three 
letters of the word limit, namely Hm. The statement that 
a function y oi x has A for its limit, when x has a for Ua 
limit, is represented thus : 

Lys^A when Ia:=a, 
or, more usually, Ly = A.^ 

* x^a 

This last equation is read the limit of y for x equal to 
a is ; it must be remembered, however, that the phrase 
“the limit... for x equal to a” is a mere contraction for 
“ the limit . . . for x converging to a as its limit.” 


In this notation we have, for example, 




e=:a Ctf 


It may happen that the argument becomes infinite, that 
is, becomes and remains greater than any assigned number 
2f, no matter how large N may be. We thus have such 
cases as the following : 


L-=0, L tan-‘af=|;’, 

1+-+^ 

T ^^ + 5 j?-h7 _ -j. 

*»« — ar + 3 »s«q ® i ^ 


Practically, the only theorem for working with limits 
that we shall need is this : when the limit of toj is zero the 
limit of -dxto^is also zero, -where A is finite and either 
does not cdntaip Sx^ at all or, if it does contain Sx^, remains 
finite as Sxi tends to zero. 

The theorem hardly requires proof, but we may give a formal 
demonstration. To show that the limit of il&tj is zero when the limit 
of is zero, we mast show that we can take so small (not equal 
to zero, but only so nearly equal to zero) that ASa^i will be as small as 
we please. Suppose, for example, that we want to have ASji?1 less 
th^ 1/10®. If A itself varies with ^r^Jet A^ be its greatest numerical 
value for any of the values that t^es. Then, to make less 
than 1/10® we need only take less than 1/.4'10® ; this choice of Sjci 
is possible because, since the limit of is zero, we can take &ri aa 
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small as j^lease. Note ibat unless A is :^ro we cannot make A^i 
zero^ because zero is not a value that 8afi takes in the process. 

JExanijple 1. Show that 

L(£±Mz^=ap». 

*»0 ft 

We have — - — ^«34;*+3Aa?+A*«3a:*+(3a?+A)A. 

The term (3a?+ A)A can be made as small as we please hj diminishing 
A ; the limit, when A converges to zero, is therefore Bji^, ' 

Example 2. What is the value of - 2)/(2 a?® +; r - 3) when 1 ? 

When ^=» 1 we find that 

2j:?®+a?-3**2-f 1 -3 6‘ 

Nearly every beginner says that the symbol we have obtained for 
the fraction represents 1, probably because a fraction whose numerator 
and denominator are equal is equal to 1. But such a conclusion 
implies that the numerator and denominator are not zero. What 
then is the value ot the fraction when j?a=l ? The correct answer is 
that the fraction has not any value; this does not mhan that the 
fraction has the value which u called nothmgy^ but that its value is 
not defined. The symbol 0/0 has in itself no meaning whatsoever. 

The fraction has, however, a definite limit when x converges to 1 as 
its limit. For, both numerator and denominator contain the factor 
^ - 1 and, so long as p is different from 1, we may divide them both 
by 1. Hence, if x is not equal to 1, 

^+^-2 _ (a?~l)(j?+2) ^ x+2 
+ a? - 3 (a? - 1 )(2 j 7 -h 3) * 2a? -f 3’ 

The fraction (a?+2)/(2.r-}-3) is equal to 3/5 when 0 ?==!, andean be 
made as nearly equal as we please to 3/5 by making x sufficiently 
nearly equal to 1 ; therefore its limif for x converging to I is 3/5, the 
same as its value when x is equal to 1. The given fraction is equal to 
(a’+2)/(2a?+3) so long as a? is not equal to 1 ; ttmrefore the given 
fraction may be made as nearly equal as we please to 3/5, by taking x 
sufficiently nearly equal to 1. In other worms, the limit of the given 
fi-action is 3/5, 

17. Gradient of the Graph of Tfowers of x. We ohall now 
find the gradient when y otf(x) is of the form 

... +fe»+?. 

The abscissa of the point P at which the gra^ent is cal- 
culated is Xi and that of the point Q, neat to P, is Xi+ScOx. 
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(i) Take first the case y^f{x)=a?. The average gradient 
of the arc PQ is ' 

^ _ /(a!i + ^a;i)-/K) ^ 

Sx-y^ Sx^ SXi 

When the fraction is reduced we find 


^^3x^^+Bx^SXi+(Sxif=3xi‘+(3x i+SXi)Sx ^, 
and therefore the gradient^^Pjs 

L L {3a!iH(8a!i+^a!i)<S£Ci} = 3a!i2 (2) 

dOTlsO djtl = 0 

(ii) Le tny =/(«; ) =a;", where n is a positive integer. 

Here ~ /{x{^8x ^)= (Xi+Sx^Y 

^ ~ = ^"+ 710 : 1 " ■ + A (SxiY; (3) 

where A contains Xl and Sx^ and their powers; the third 
term of the binomial expansion contains (jSx^)^, the fourtli 
term contains and so on, and therefore every term 

after the second contains the second power of SXy We 
now have 


.(4) 


.(5) 


3?/l {X, + Sx,y-X{* n Ai 

and therefore the gradient at P is 

We will assume that this result holds also when n is 
fractional or negative ; a complete proof will be found in 
the author’s Calculus, § 57. 

(iii) Let y =f(x) = oa? + hx^ + csr + d. In this case 

f(xi+Sxy)=a(Xj^ + ^jf+b(x.^+Sxi'f+e(x^+8Xi)+d, 
f (®i + Sxj) —f{x^ — {3ax^ + 26a5i + 

^ +(3aa;i+?>)(5a!i)*+a(&i)*, 

= Zaxy + 2hx^ + c+ (3oa!i + 6 + aSx^x ■^^, . . (6) 
and therefore the gradient at Pas 
L 




^ s + 2hx^ + c. 


(7) 
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When ^there are more terms the process and results are 
similar. 

Notice that the constant Urm d does not appear in the 
gradient, but that the constant factora a, b, c remain as 
factors. The geometrical reason for the absence of d from 
the gradient is obvious. 

The reasoning is the same whatever particular value of 
X, such as a?!, we take. If we use the phrase “ gradient of 
the function ” instead of " gradient of the graph ” we may 
state the results we have obtained as follows : 

grad, of grad, of x^^nx^"^, (a) 

grad, of aaj^+6a;2+ca;+cZ==3aaj^+ 26^13+0; (b) 

and for the function (1) 

grad, of ax^+hx^'^ + cx^'’^+ ,..+kx+l 

— ...(c) 

Example, Write down the gradients in the following cases : 

(i) (ii) 3a^-4.i’2-|-64;+7, (iii) 

The results are : 

(i) grad, of ; 

(ii) grad, of 3j?^~4a:24-5.*?H-7=9^-8a;+6 ; 

(iii) grad«of Jx3^^’^4'(- J)x6.r“^"^ 

18. Derivatives. Differentiation. The gradient is itself 
a function of the argument x and it has received various 
names ; as, “ the derivative of y or f{x) with respect to x!* 
‘‘the differential coefficient of*y with respect to xl* “the 
derived function of y with respect to x!* The phrase 
“ cc-derivative '' may be used instead of “derivative with 
respect to x!* 

Of course when the argument is not x but some other 
variable, say t or u, the derivative is a t-derivative or a 
u-derivative. The argument n%ed not be named when it is 
quite clear what it is. 

The process of finding the derivative is* called differentia- 
tion ; to differentiate a furfction means to find its derivative. 

There are several notations for the derivative. A very 
simple one is a capital D (the first letter of the word) 
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prefixed to the function; thus, Dy, Bfix), 2)(3a!®+2a5~l). 
When the ar^ment ha# to be specified it is placed as a 
su^ to D; thus, D^y, D^. 

A more common notation is that which represents the 
derivative as a fraction ; thus, 

dy df(x) d(3a;^+2a;~l) 
dx' dx ’ ' dx 


This notation is suggested by the quotient of the incre- 
ments, namely The sythbol ^ must for the present 

be taken aa a whole; we shall afterwards (§22) assign 
a meaning to the symlwls dy and dx. When the function 
consists of several terms the derivative is sometimes 
written thus ; , 


In this form the symbol ^ (which must be taken as a 

whole, just as the form dylchc must be taken as a. whole) 
is equivalent to the other symbol D^. 

Lastly, when the function is represented by the symbol 
f{x), or F(x), the derivative is often indicated by putting 
an accent ^over the functional letter ; thus,/'(aj), F\x). 

To indicate the value of a derivative for a particular 
value of X, the following notations are used : 





The last of these is specially convenient. 

The diversity of names and notations is apt to perplex 
the beginner, but they are all in use and have their own 
advantages. It is best therefore to master them at once; 
the difficulty is after all more apparent than real. 

We shall now work som8 examples, but we note specially 
the following results, proved in § 17. 

I. To find the derivative of multiply by the index n 
and then subtract 1 from the index n (§ 17, A). 

II, The derivative of the sum of two or more terms is 
equal to the sum of the derivatives of the terms (§ 17, b, c)^ 
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III. A constant t«m in the function does not appear in 
the derivative. We may say that the derivative of a constant 
is seio. 

IV. A constant &ctor of a term remains as a factor of the 
corresponding term in the derivative (§ 17, B, c). 

The following result is often useful : 

V. 2)(cia:+6)"='na(aa!+6)*‘-^ In words, to find the de- 
rivative of the power of the linear ftmction a* +6, 
multiply by the index n and'h^ the coefficient a and then 
subtract 1 from the index n (see example 6 below). 

Example 1. Find the derivative when p=f{x)=ix*-8xr~7. 

Dp=D(4x^-8x~7)=‘6x-8; or,f(x)=‘8x-8. 

The gradients of the graph for the values 0, 1,2, — 1 of 4 ? are given 
by the equations 

/(0)=-8, /(1)=0, /'(2)=8, /(-I) =-16. 

When 4;=0, the ‘tangent has a right-hand downward slope of 8 in 
1 ; when 4 ^= 1 , the tangent is horizontal ; when 4^=2, it has a right- 
hand upward slope of 8 in I ; when x— — 1, it has a right-hand down- 
ward slope of 16 in 1. (Compare Fig. 8.) 



Ficr. & 

Note. To draw the tangent at P when its gradient is 
8, move tb the right one norizontotl unit, then ^wnwards 
vertical units; or, move to the right one-tenth of the 
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horizontil.1 unit; then downwards eight-tenths of the vertical 
unit, etc , and join P to the point so found. In drawing 
the tangent attention to the scales of the figure is necessary. 

2 3 4 

Example % Differentiate 

. Write y =x^ + —Zx~^ + ix ~^ ; 

then _ l) 2 jr -2 _ ( _ 2)3x-^+( - f )4»”^ 




-3 /.._^+6_i0 


The student should make sure that he knows the working rules of 
indices. A common blunder is to add 1 when the index is negative, 
making, for example, D,v~^ equal to *-2.i;“' instead of —2r~2. 

A frequently occurring result is that of the derivative of sja : ; 


DUx)=Dxi=ix-i^^. 


Example 3. Find dpjdv when (i) pv— (ii) pv'^—C, 


Example 4. 


If «= Vt-\gt\ find dsldt. 


dt 


= y-gt^ 


Example 5. If = (a.r + 6)’^, find dyjdx. 

Here == {a{x^ + hx ^) +&}«={ {ax^ + 5) + aar^}”, 

so that ‘ gi+S^i==(aXi + by+n(aXi-{-b)^--^aBxi+A{8Ti^^^ 
and therefore, exactly as in § 17 (4), 

^ =7ia(cM?i + 6)’*-! + ASxi, 

Hence 

The result of this example is very useful ; it holds for all values of 
71. As particular cases we have, for instance, 

D(Zx 4- 2)^ = 2 X 3 (3^ -p 2) « 18a? + 12. 

DV(4« - 7)=D(44?- X 4(4»- 
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We can verify the first of these by expanding the square ; thus, 

Examjde 6. Find a function of x whose derivative is 

To solve this little problem, we must remember the rules of 
differentiation. If after differentiation, the index of .r is % then before 
differentiation it must have been 3 ; but in differentiating we 
multiply by 3, and therefore we must put in the factor J. Thus to* 
get we differentiate Similarly to get x, we differentiate 
and to get 1 we differentiate x. Hence 

is a function whose derivative is ,t?2~4*+l, as may at once be tested 
by differentiation ; this function is called an integral of and 

the process of finding it is called integration. Integration is taken up 
in Chapter V., but the student will find it to be good practice in 
differentiation to go through the inverse process of integration. 

If any constant term, C say, be added to the function found above, 
this new function will still have 1 as its derivative (§18, III.). 

The function containing this constant is called the general integral 
For the present, the. constant term need not be added to the integral. 

Example 7. Write down the integral of (i) (ii) >Jx, 

We find (i) Integral of ^=*:Int. of -.1, 

(ii) Integral of /^:r=Int. of 

Test the results by differentiating the functions f>btained ; thus, 

i)( -1) =Z)( 


EXERCISES. II. 


Write down the derivatives of the functions of ai in examples 1-30. 
1. bx. .2. a£±l, -3. V*. 

4. 4*»-10. .6. fa!>-12a;+6. ^6. 3 + ll4;-2a:«. 


7. a*>-4**-»+l. 
10. {a»-2)(a»+3). 

13. x+l 

X 


16» 

X 

19. (2»+iy>. 

1 


22 . 


jr+1 


-8. 3-2x»+43!*-5x*. 9. (ar+l)(jp+2). 
11. (aH-l)(«+2)(j;+3). 12. (ax+b)(cx+f). 

14. 1®- 4a;+3-5. 

17 , 18, (ar+l)». 

20. (l-x)*. 21. (8- i.')*. 


23. 


1 

1-4?’ 
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28. e^(2-ar). 


26. V(aip4-3> 



t^fci?+8y 

«. #»-4»»+6jb+7 


Pifferept&kte, with respect to the v»mbi49i ^ » the functions 

81 - 40 . , 


81. 10* -8«*. 
38. «+ht+cfi. 



36. •/(3m -4), . 37. 

i 



38. 3m(m-6). 39. o#+5+|^ 40. 


Integrate with tv^tpect to ^ the I auctions 41-^60^ testing the results 
in each case by differentiation ^ 

41. ar*+«’-l. 42. «+l-^ 4S.‘ 2^+^ 44. ^ 

(3^+^ *** V(3«f+2y 


19. BatM. Variation of a Function. Before reading this 
article the student should glance again over §8; the 
substance of that article will ne'er he presented in a more 
definite form : the results obtained from inspection of the 
figure will be expressed jjj terms of numbers. 

When £B increases rtom to Xj^+Sx^, the function 
f(x) changes from f(x^) to /(aji+d»i); the change in the 
function is therefore 

f{Xi+Sx{)-f(x{), that is, Sf(x^). 

The average rate at which f(x) changes, as x increases 
from a!j to Oj+^a?!, is Sf(x^)/Sx^, When _/((») is represented 
W a CTaph this average rate is the gradient of the chord 
PQ of the graph, where P is the point on the graph whose 
abscissa is x, and Q the point whose absciaaa is Xi+Sxi. 

The gradient of the taiigent at P, that is, is the 
numbmr 'Which measure the rate at whibh /(tc) to changing 
when X is equal to \§7*) 
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In order therefore to find out how a function f{x) changes 
as X increases from one value, a say, to another value 6, we 
have merely to examine the value of its derivative f\x) for 
the values of x from 05 = a to a; =6. We go on to show that 
the mere sign of f{x) gives much information. 

When f\x) is positive, the tangent has a right-hand^ 
upward slope ; as the graphic point P moves to the right it 
also rises, and the value of the brdinate or function increases 
algebraically. (If the point P is below the a;-axis a rise of 
P means that its ordinate decreases numerically but, since 
the ordinate is negative, thjis means that it increases 
algebraically.) 

When f\x) is negative, the tangent has a right-hand 
downward slope ; as P moves to the right it also falls, and 
the value of the ordinate or function decreases algebraically. 

Hence, the sign of the derivative f{x) tells whether the 
function f{x) is increasing or decreasing. To test how f{x) 
changes as x increases from any value, a say, we first cal- 
culate /'(a). If ficL) is a positive number, then f{x) 
increases when x becomes greater than a ; but if f{a) is a 
negative number, then f(x) aecreases when x becomes greater 
than a. If we suppose x to become less than a, then 
will decrease Vrhen f{a) is positive, but will increase 
when is negative. 

We have still to consider the case for which f\x) is zero. 
When ^'(a:) = 0, the tangent is horizontal ; the rate at which 
P is rising or falling, for those values of x that make f{x) 
vanish, is zero, and P is for thQ moment stationary. The 
value of the function is also said to be stationary; in most 
cases a stationary value is a turning value. 

Hence, to find the turning values of a fhnotion f{x) we seek 
thosg values of x that make f{x) equal to zero. For the 
method of deciding whether the turning value is a maxi- 
mum or a minimum, see the fol^wing examples and § 21. 

Exam^e 1 . If fQo) =* - So? - 7, trace the variation of the function 

as X increases from - oo to + oo . 

We have 1). 

If 4 ? < 1, then 8(^- 1) is negative. Therefore for every value of x 
ess than 1 the derivative is negative, so that as x increases from — oo 

1 the function steadily decreases ; ^(^x) decreases from + oo to - 11. 

G.I.C. 0 
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If a? > If then 8(:r- 1) is positive. Therefore for every value of ^ 

f eater than 1 the derivative is positive, so that as x increases.from 
to +00 the function steadily increases; /(x) increases from* -11 
to + 00 . 

If x^l, the derivative is zero. Therefore /(I) is a stationary value 
of the function, obviously a minimum value. 

These conclusions agree w^ith the character of the graph of the 


function (Fig. 8, p. 29). 

Example 2. Graph the function /(^) where 

/(x)=2x^-‘9x^-l2x+24 ( 1 ) 

Find f(x) and express it in factors ; we have 

/'(^)=er*- 18 ^- 12 =e{(ir-|)*- 

or, since a/ 17 =4*123 approximately, 

f(x)=e(xf0'5e)(x - 3*56) (2) 


The derivative /'(^) is zero when .r«-0*56 and when ^=3*66; 
the corresponding values of /(a?), namely /(-0*66) and/(3*56) where 
/( - 0*56)= 27*65, /(3*56) = - 42;65, 
are stationary valuei? of the function. 



We must now examine the sign of f{x)eB x varies from -oo to 
+ 00 . since a product changes its sign when one of ite factors changes 
sign, we see from (2) that / (x) can only change sign when x passes 
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i li - 0 * 63 , that is, if x is negative and numericaily greater than 
r63, Iboth factors of f*(x) are negative and therefore i® positive* 
Hence as x increases irom - oo to -0*66 the function j(x) steadily 
Increases and the tracing point of the graph steadily rises ; since 
jf(-oo)w-co, the tracing point rises from the extreme low left to 
Ihe noint (~0-66, 27*66). 

It X > —0*66 but < 3*66, the first factor of /'(<*?) i® positive, the 
second factor is negative and therefore f(x) is ne^tive. Hence .as x 
increases from -0*66 to 3*66 the function /(a?) decreases ftnm 27*65 
to -42*66. The stationary value /(- 0*66) is therefore a maximum 
value. 

If ^ > 3*66, both factors of f(x) are positive and therefore /"(x) is 
positive. Hence as x increases from 3*56 to +00 the function /(x) 
increases from -42*55 to -foo. The stationary value /(3*66) is a 
minimum value. • 

We now know how f{x) varies through its whole course. To show 
the use of the gradient in actually plotting the graph, we have 
marked in Fig. 9 certain points and have drawn short lengths of the 
[tangents at these points. To complete the graph within the range 
[indicated, we must join the points by a smooth curve and see that 
ithis curve touches the line at each point. It will be oWrved that 
jthe curve practically coincides with the tangen^ for a considerable 
c distance on each side of the point of contact the following values 
are shown : ", 



Example 3. Find the point of inflexion on the graph of the 
function discussed in example 2. 

A point of inflexion on a curve is one at which the gradient has a 
turning value (§ 9). Now, if the tabulated values of* f{x) are 
examined it will be seen that the^ decrease from 48, when x^^% 
to -26*6, when d?s=r6, and then increase to 70*6 when Jr*® 6*6. Ihe 
gradient has therefore a turning value at 6r near the point for which 
r=al*6. 

To test the matter definitely, let us /or the moment choose a new 
functional symbol for the gradient, say Q{x ) ; then 
(7(r)«/(r)«6r«- 18r- 12. 

I The turning value of the function G[x) is obtained by finding the 
ftalue of X for which the derivative G%x) vanishes ; but 
\ e(x)^D(^ - lar - 12) « 12r - 18, 

b therefore (?'(r)»0 when jp =» l8/12 1*6. When x^V6 the 
pdient &(x) is a mininmin ; because G'(x) is negatiye when x < 1*6 
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and positive when 1‘5, In other words, the gradient is a de- 
creasing function so long as ^ is less than 1*5, and an increasing 
function so long as a? is greater than 1*5 ; the value of the gradient 
when X is equal to 1*6 must therefore be a minimum. 

We thus see that the point for which ir=l*5, that is, the point 
(1*5, -7*5) is a point of inflexion on the graph of /(a:) ; but we have 
obtaineid the adaitional information that the graph has no other point 
of inflexion, because the gradient has only one turning value. 

20. Derived Curve. In the last example we have used a 
new functional symbol for the gradient /'(cc). The gradient 
is a function of x, and we shall find it convenient for the 
present to use a special functional letter, such as 0, to 
denote the gradient. 

In plotting the graph of /(x) it is convenient to employ 
a single letter, y say, to represent the ordinate. We may 
similarly employ a single letter, z say, to represent the 
ordinate of the graph of 0{x)\ the expression for the 
gradient being known, we may plot it just as we plot any 
other function of x. 

Definition. The graph of the derivative of a function 
f{x) of X is called the derived curve of the function f{x). 

We thus obtain for any function f{x) two curves ; one is 
the graph of the function itself and the other is the graph 
of the derivative of the function. ]5i plotting the two 
curves the cr-scale should be taken the same for both ; the 
scale for the ordinates will usually need to be different. 
The ordinate of the derived curve will be proportional to 
the gradient at the corresponding point of the graph of 
the mnction. 

For example 2, § 19, we shall have the equations 

y = f{x) = 2aj^ — 9aj^ — 1 2£c + 24, (1) 

0 z=zO(x) = fXx) = - 18aj - 12 (2) 

The turning point of the graph of (2) is the point of 
inflexion of the graph of (1). 

The graph of (2) will show clearly the various changes in 
the gradient of the graph of (1) ; it will in fact represent 
the^ variation described in § 9. When .the ordinate z is 
positive, the ordinate y is increasing \ when z is negative, y 
IS decreasing ; when z is zero, y is st^ionary. 

This gmplucal method of tracing the variation of the 
gradient is often useful. * 
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21. M a xima a&d Minima. The values of x that make 
f{x) a maximum or a minimum are (§ 19) the roots of the 
equation but it may quite well happen that a 

value of X which makes f'{x) vanish does not make/(aj) a 
maximum or a minimum. For example, if f(x)-xr, then 
f'(x)^5x^ and vanishes when a; = 0; but /(a;) is neither a 
maximum nor a minimum when x — 0. The origin is a 
point of inflexion. 

It is often troublesome to test whether a root of the 


equation f\x)=0 does actually make f(x) a maximum or a 
minimum. A straightforward, though often tediovls, 
method is the following: let a be a root of /'(aj)ssrO And 
h a small positive number; calculate /(a), /(a— 

The values found will show at once the nature of /(^ 

The best method is to examine the signs of + and 
f{a+h). If f{a^h) is positive and /'(a+A) negayve, then 
/(a) is a maximum; if is negative andr/(a+fc) 

positive, then /(a)*is a minimum. (See also §24, example 2.) 

In many cases, however, the nature of the problem shows 
whether a maximum or a minimum exists, ana then the 
value of X that makes /'(x) vanish will give the i^lution. 

Example 1. If f{x) =| 4ji^ - 27^ + 5, find the turning vajwes. 

f(x) = 12.r2 - 27 = 12(a74' 1 'b)(x - 1 *5) I 
and = 0 when - 1*5 and when 0 ;= -1 1*6. 

We now test these values. I 

First Method, Take A =0*5 ; then I 

/( - 1*5)=32 ; /( - 1*5 -0*5)=/( - 2)-2J ; /( - 1*5-|-0'6|=/( - 1)«28, 
and therefore /( - 1'5) or 32 is a rnaximum ; | 

/<t*5)= --22 ; /(l-5-0*5)=/(l)= -18 ; /(l*5+0'6)«F(»)« - 17, 
and therefore /(I *5)== — 22 is a minimum ; ( — 22 is al^hraicallg less 
than either - 18 or - 17). I 

Second Method, It is only the of f(x) that w*emeed ; there is 
no necessity for calculating the value. We suppose A t(p be small and 
positive, ' \ 

/(-l*5-A)=12(-A)(-3-A)-12(-)(-)»+)^ 


/(~l'5+A)=:12(A)(-3+A)«12(+)(-)=-. 

Brence as x changes from —*1*5 — 4 to —1*5+ A, the dekivativ^ 
changes from + to - , and therefore /(a?) changes from an increasing 
to a decreasing function. /( — 1*5) is therefore a maximum value 
of f{x). 
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/(l-6-A)=12(3-A)(-A)-12(+)(-)- 
/(l-6+A)=12(3+A)(A)==12(+X+)= +. 

In this case f(x) changes from - to +, and therefore /(1*5) is a 
minimum value oi f{x). ^ 

Note, The value -1’6 makes f{x) a maximum, or gives a 
maximt^n value of f{x)\ it is /(~1*6) (that ^ that is the 
maximum, Tiot — 1*5 as the beginner often sags. 

Example 2, If /(a7)=3^ — 10 find the turning values. 

gte^^hat f {x) == 0 when ^=0 and when = 1 . 

kow, /(-A)«12(-A)(-A-l)2-12(-)(+)=^~, 

\ /(4)*12(A)(A-l)^-12( + )(+)=+. 

Hei^ */(0), which is equal to — 10, is a minimum, 

Agaidv /(I - A)=12(l - A)(-A)2=:12(+)(+)= +, 

\ /(1+A)«12(1+A)(A)2=:12(+)(+)=+. 

In this Vase f {x) does not change sign as x increases through the 
value 1 ; /(b) increases as x increases from 1 — A jio 1 and continues to 
increase as to increases from 1 to l+A. Tlie point on the graph of 
fix) for which ^«1, namely (1, -9), is a point of inflexion. We 
can confirm Ifchis by finding the points of inflexion on the giaph oi fix). 

Let Gix) be the gradient ; then Gix)^f\x)—\23c^--2\x'^’\-\2x, 

\ G\x) = 36^-* - 4Sx + 12 = Seix - J)(4? - 1). 

When x-p O^x) is a maximum, and when x^ 1, Gix) is a minimum. 

Hence theT points (J, — poiits of inflexion on the 

graph of fix). 

Example 31 Find the greatest (right, circular) cone that can be 
inscribed in si sphere of ramus K 


A 
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Let OC^x\ then AO^R-)rS! and a?*. The volume is 

therefore 

I |(/f»+JPx -/!!»>> 

and, since tt/S is a constant, the volume will be a maximum when the 
expression in the bracket is a nia^^imum. The problem therefore 
becomes ; if/(a?)==;iiP 4 -/ 2 ^a?->/? 4 c®— find the maximum value of /(.r). 

We have /(4?)=22*--2ie^-"3^*==(y?+jf)(i2--ar), 
and f{x)^0 when - R and when 

The value 0 ?= - makes f{x) equal to 0 ; the value j-/? makes f{x) 
a maximum. It is, in fact, obvious that there must be a maximum, 
and it can only be the value given by The maximum cone 

has the volume SStt^^/SI or l*24/f®. 

Note that for the maxi mum* cone 

sin and lRAC^ 35^ 16'. 

Example 4. Find the maximum value of the curved surface of a 
cone inscribed in a sphere of radius R. 

The curved surface (Fig. 10) is nrBC.AB and, in the notation of 
example 3, is equal to 

Now, since we are only concerned in this case with positive 
quantities, the curved surface will be a maximum when iU square is a 
maximum. But the square is 2Tr^Rf{x\ where f(x) has the same 
meaning as in example 3. Hence, the factor 27r^ii being a constant, 
the curved surface Afill be a maximum for the same value of Xy 
namely J/f, as in example 3;*the maximum value is 3irR^I3^3 or 
4-84i?2 


EXERCISES. HI. 


Note, The cylinders and cones referred to in the examples are 
right circular cylinder and cones. * 

Ifiiul the turning values, stating their nature, and the points of 
inflexion on the graphs of the functions 1-18. ^ 


1, 104-15^-at^. 

3. ^~3a?+2. 

6. 2^-3^~12.»+10. 

7. 3^- 4^3- 10. 

9. (l+x)%l-x^y 

11. (4?-1)(^-2)(jf~3). 

13. xH^-^aP). 

15. (2^+30?+ 18)/a?. 

17. (arJ>+3^+8)/.r3. 


2. (2.r 4*3X6 -d?). 

4. 4^?®“- 15x^412.1?— 2. 

6. 3d;<-ar3~6d?2424;r~lL 

af 

10. 

12. x(0-J). 

14. oPiQ’-x^). 

16. (a?«4d7+2)/(Ar-l). 

18. (7;P*--30d^411^-B)/4!«. 
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19 . Show that tlie altitude of the cylinder of maximum volume 
that can be inscribed in a sphere of radius R is 2RIJZ, 

20 . Show that the curved surface of a cylinder inscribed in a 
sphere of radius is a maximum when the altitude of the cylinder 
is y/2.R, 

21 . Show that the altitude of the cylinder of maximum volume 
that can 1^ inscribed in a cone, whose altitude is h and the radius of 
whose bade is R^ is 

22 . Show that the curved surface of a cylinder inscribed in the 
cone of example 21 is a maximum when the altitude of the cylinder 
is 

23 . A cylinder is to be constructed and its total surface is to be 
A square inches ; show that the altitude of the cylinder of greatest 
volume that satisfies the condition is twice the radius of its base. 

j|Let the altitude of the cylinder be ^ in. and the radius of its base 
X in. ; then its volume is cub. in. and its total surface 
sq. in. But, by the given condition, 

27r.ry + 

so that ^\{A - = ^(Aa: — 27r:Py 

The problem therefore reduces to that of finding the maximum 
value of 27r.27®).] 

24 . The strength of a rectangular beam varies as the product of 
the breadth and the square of the depth of the beam ; find tne breadth 
and depth of the strongest rectangular beam that can be cut from a 
cylindrical log, the diameter of whose cross-section is d inches. 

* 25 . From a rectangular sheet of tin, the sidesi of which are a and h 
inches, equal squares are cut oif at each corner and a box wdth open 
top is formed by turning up the sides. Find the side of the square 
so that the box may have maximum content. 

26 . If a constant, find the maximum value of all the 

quantities being positive. 

Prove from your result that 

unless xjZ^yj^ or 0=6, in which case there is equality. 

27 . The same problem as in example 26 for Deduce 

unless x/^^ylZ or a —6, in which case there is equality. 

What would you infer the inequalities deduced from x^y*^ to be ? 



CHAPTER nr. 

DIFFERENTIALS. HIGHER DERIVATIVEa 

22. Differentials. In Fig. 11 let OM=x, MP—y^f{x), 
MN=PR=Sx, RQ=Sy and let the tangent PT cut JNQ at 
jT; PR is parallel to MN. 



The gradient of the curve at P is RTjPR, and its value 
is the value of dy/d® or f'(x) when x = OM. 

Now suppose that a point moves along the curve AP, 
but, when it comes to P, suppose it to proceed, not along 
the arc PQ but along the tangent PT. The increment of 
the ordinate of the moving point is, on this supposition, 
not RQ or 8y but RT. . This hypothetical increment of y is 
called the differential pf y and is denoted by dy (or d/(®),^ 
when f{x) is used in place of y)', the symbol dy must, like 
8y, be taken as a whole. 

We thus have . 

actual increment of the function y^^RQ, 

d^» differential of the function y — RT. 
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Theliypothetical increment of the ind^&ndent variable 
X is the same as the actual increment MM or ^ ; we may 
therefore write dx, the differential of x, in place of Sx, thns 
securing a symmetrical notation. 

^ PS dx dx 


Since 


we deduce dy — df{x) ^f{x)dx, (1 ) 

so that f{x) is the coefficient of the differential dx ; hence 
the name differential coefficient/* , , 

From (1) W|^ see that the differential of a function f{x) is 
equal to the derivative f{x\ multiplied by the differenti^ dx 
of the independent variable x. 


For example, 

d{xP) = ; d{x^) = ruf^’^'^dx ; d(^x^ - ^ + 4) = (6:i? — \)dx. 

Instead of the brackets, a point is often used when the function 
contains only one term : thus, d,x\d» x'^. The notation cb^y without 
brackets or point, is usually taken to mean {dx)\* that is, the square 
of dx, > 

When the inde^ndent variable is, say, ^ or we have 


23. Approximations. In the definitiqn of dx there is no 
liniitAtion as to its magnitude ; we may chcxjse dx of any 
/ize we please but, when dx has been chosen, the magnitude 
of dy b^mes definite because dy=f\x)dx. In practice, 
however, dx (and therefore also dy) is usually supposed to 
be small ; when dx is small, dy is a g(X)d approximation to 
the value of 8y, as will now be proved 

Let the* value of 8yJ6x-^^ in ^ 17 Ite examined ; it will be 
seen that in every case it consists of two terms, namely (i) 
the derivative, (ii) a term* of the form ASxy We tWefore 
have, for any value of x, an equation of the form 

|=r(«)+d&. 

Multiplying by 8x we find, since Sx—dx and/'(aj)(fa 5 =dy, 
, Sy^f{<i6)Sx+A{Sa?)^^dy+A{dxf. 

Now, the fractional error involved in replacing Sy by dy 
is (Sy-d,y)/Sy. 
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But 


Sy-^dy _ A(dxY 


Xdx. 


^y f{x)dai-{-A{daif /'(»)+ iltfo? 

If, therefore, dx is small the fractional error will usually 
be small, because A and f\x) are usually finite quantitiea 
Of cdurse, itt all approximations it is, iis a rule, the 
fractional and not the absolute error that is of importonce. 

If then y—f{x) and y-\-&y=f{x+dx) we have as' 
approximate equations, when dx is small. 


f{x-\-dai)—f(x)=Sy^dy=f{x)dx, (1) 

/(«+<^)=/(®) +/'(*)<?*, i (2) 

where, it will be noted, the term in {dxif does not appear. 

Geometrically, RQ (Fig. 11) is approximately *equal to 
RT when MN is small. 


Example. Let f(x)—a^ ; then djf^f(x)dx^^iLxdx. 

If a:==2 and c?^=0*l, then o^=0*41. 

If ^=2 and <fa?=0*01, then ay —0*04, =0*0401. 

When <fj?=0*l th*e absolute error in taking dy for Sy is 0*01, the 
fractional error is 1/41 and the percentage error about 2^. 

When cL*=0*01, these errors are respectively d’OOOl, 1/401 and 
about 

The errors involved in taking place of f{x-\^dx) in 
the two cases are 0*01, 1/441, 0*23 and 0*CKX)1, 1/40401, 0*0026 respec- 
tively. , 

Examples 26-29 of Exercise IV. sliould be noted. 

A very useful case of (2) is obtained by putting /(a;) 
writing h for dx we find when h is small 

{x+hY===^x^+nx^^^h (3) 

The approximate values given by equations (1), (2), (3) 
may be called first approximations to Sy,f{x+dx), (x+h)^ 
respectively. 

As a method of approximation, the prindple of rejecting 
squares and higher powers of small quantities, such as dx 
is supposed to be, is of great importance. It may be noted, 
as n hint that can often be tu^ed to gfod account, that 
in finding the limit o( SyJSx^ we may at the outset reject the 
squares and higher powers of for the simple reason that 
these have no influence on^the limit. Thus, in § 17 (8) the 
terms denoted by A{8x^^ might have beqn reieeted at the 
start ; because in equation (4) they appear as ASx^^ and the 
limit q| A&Ci is aero. Terms suph as are sometimes 
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said to be -neglected as being “infinitely small” in com- 
parison with those retained ; but this phraseology is apt to 
mislead the beginner, especially when associated with a 
doctrine of different kinds or “nothing.” For a more 
detailed treatment of this matter, see the author’s Calculus, 
§§86, 87. 

24. Higher Derivatives. The derivative of a function 
y of aj is usually itself a function of x and therefore has a 
derivative. Thu8,if y=^c^then2)y = 4^c^; but 2) (4a;®) =12052, 
that is, the derivative of the derivative of a;^ is The 

function D(4o;®) or 12o;2 is therefore called the second deri- 
vative of OP*. Similarly, that is 24a;, is called the 

third derivative of and so on. D{x^) may now, for 
distinction, be called the first derivative of x\ 

The notation for the higher derivatives is modelled on 
the notation for indices. Thus, 

the first derivative of y is Dy ; 

the second D{Dy\ written D-y ; 

the third 

the nth 2)(J>‘^y), 

The suffix Xy t,,,. is inserted when tl^ argument has to 
be specified ; thus, D^y, D/y ... D^y, Dnj .... 

In the djdx notation these derivatives are written thus : 


nt, u 


and so on. 

The accent notation is aiso used; thus f\x) means the 
2nd derivative of f (x\ f'\x) the 3rd derivative and so on. 
The nth derivative is f^\x), the n being put in brackets. 
The student should note examples 2 and 3. 


Example 1. If y^ax^+bx^+ca^+dx+e find the first four deriva- 
tives of y. 

Ey or 

E^y or ; 

or ^^=^24ax+6b ; E^y or ^=24a. 
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Since is a constant, the 6th and all higher derivatives are in 
this case zero. 


Example 2. If f{x)^0 when .r=a, show that f{a) will be a 
maximum value of /(.r) provided f\a) is a negative (not zero) 
number, but that /(a) will be a minimum value of f{x) provided 
f{a) is a positive (not zero) number. 

Let 4 be a small positive number, then, provided f^{a) is*iiot zero*, 
the function f'{x) will have the same sign when x is equal to a — 4 or 
to a 4- 4 as it has when x is equal to a ; because the Uiree values of 
f*{x) cannot differ much from each other. 

Now, /(a) is a maximum value of f{x) if, and only if, the gradient 
f\x) is positive when .ra=a--4and negative when x—a-^-L Hence, 
as X increases from a— 4 to a 4* 4, the function fM decreases 
(algebraically), and therefore (§ 19) the derivative of f (r) must be 
negative. But the derivative of f%v) is f'{x\ and therefore, as x 
increases from a~4 to a +4, f\x) must be negative; that is, /"(a) 
must be negative. 

In the same way the other part of the theorem is proved ; f{x) is 
now an increasing function. 

If f\a) — 0 the reasoning fails ; it will bo a good exercise to show 
precisely where it fails. 

We have here obtained a test for a maximum or minimum that is 
sometimes useful. 

Thus, in § 21, example Now, 

/"(-r5)=^36, r(l*^^) = 36, 

so that /(-I *5) is a liaximum and /(I ’6) a minimum value of f{x). 


Example 3. Show that the abscissae of the points of inflexion on 
the graph oifipc) are the roots of the equation /"(d?)=0. 

At a point of inflexion the gradient f{x) has a turning value (§ 19, 
example 3) ; therefore the abscis.sa or such a point must make the 
derivative of f \x) equal to zero, that is, it satisfies the equation 

To be certain that a point of inflexion is present, the t^t thaty^(*p) 
has a turning value should be applied. 


EXERCISES. IV. 

Write down the differentials of thelTunctions 1-13. 

1. 2^4-3. 2. ax+b. 3. 3x«+l. 4. aa^+b. 

6. x^+4. 6. 7. a^-x^, 

8 . Sx^-4x+7. 9 . aa^+bx+c. 10 . ^x. 


11 . 4 - 

KjX 


12. a«®+ 


a*. 


13. «*“+- 
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Write down functions of which the functions 14-25 are the 
differentials. 


u. 


15. {x-^\)dx. 

16. 

(3.r-|-l)^. 

17. 

dx 

x^' 


19. 

dv 

20. 

dv 

(7+TF’ 

22. 

dv 

23. 

(M + 2+^)(ftt. 

24. ^dz. 

25. 



26. If/(j7)w3^^-a?-3 find the first approximation to f{x+dx). 

One root of 0 jg i*ig approximately ; calculate a better 

approximation. 

[Let 1‘18+A be the root ; then /(1‘18+A)=0. But, since h is 
small, /(1-18+A)=/(1*18)+/(1-18)A, 

80 that /(1-18)+/(1-18)A=0, A= 

Now, /(1*18)« -0*0028, jr(l*18)«6 08, so that A=0*00046 and the 

root is 1*18046. Note that in § 22 we may if we please suppose dx to 

be negative, for Q may be taken on the other side of P.] 

27. The equation 3.r^ - 4^ — 5 =0 has one real root which is, approxi- 
mately, equal to 1*5 ; find a better approximation. 

28. The real root of the equation 3^+5a?-C40=0 is 2*13 approxi- 
mately ; find a better approximation. 

29. One root of the equation ^-4j»72-7.r+24=0 is 2*18 approxi- 
mately ; find a better approximation. 

SO. Show that equation (2), § 23, may be written in the forms 

(i) 

Illustrate by graphs. 

Apply S 23 (3), or Example 30, to prove the approximate equations 
in Examples 31-36 ; test the approximations in any way you can. 

31. /^(l +J?)—1 4-^47. ^ 32. ^(1 +^)==1 

33. 34. 

qg 1 1 ^ 

36 1 # 1 ^ ^ . 3 ^ 
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Write down the second and third deriTatives of the functions 37-48. 
87. 3a;»-5jr+7. 38. iar‘-15i!»+12j;*+8*-6. 

1 « 1 1 


39 . I- 


40- 




41. 


a?+r 


43. 

1^' 


44. Jx. 

47. «»(a-jr)» 


45. 


42. 


7? 


{x+lf 


48. 


Find the points of inflexion on the graphs of the functions 49 - 53 . 
49. 60. 4^-27.r+5. 61. 5.r3+4r«-ar+2. 

62. (^+1)(^+2)(4?+3). 63. 

64. Show that (with the usual disposition of the axes) the graph 
of f(x) is ooncaye upwards for all values of x that make f*{x) positive, 
but is convfx upwards for all values of x that make j(x) negative. 
(See § 9 .) ^ 



CHAPTER IV. 

APPLICATIONS TO MEOJIANJCS. TUETHBB THEOREMS 
ON DIFFERENTIATION. 

25. Applications to Mechanics. The gradient at a point 
P on the graph of a function y or /(a) measurea the rate at 
which the function increases with respect to x, for the 
particular value of x which is the abscissa of P (§ 19). 
The characteristic word for expressing a rate is per. 
Thus, if the gradient of a road is 1/20 the road rises 
l/20th of the vertical unit per wait of horizontal advance, 
or 1 vertical unit per 20 horizontal units. Again, the 
speed of a train way be 80 miles per hour; the rate at 
which the velocity of a falling body is accelerated is 
32 units of velocity (feet per second) per second, and 
so on. 

In algebraical language, if, as the independent variable 
increases from xix>x-\-8Xj the function increases from y to 
y-¥Sy thei^ measures the average rate at which y 

increases fw &e increment 8x ; the limU of SyjSx (which 
is denoted by ^yfdx) measures tJie rate at which y increases, 
for the value x of the independent, variable. If y is, for 
example, a number of square inches and x a number of 
seconds, then dyjdx me^ns “so many square inches per 
second ” ; if as denotes a number of degrees of temperature, 
then (y being a number ot,A 5 [uare inches) dyjdx means “so 
many square inches per degreg of tenmerature,” and so on. 
The student should pccustom himself to thinking of this 
meaning of a derivative. 

We wall now take somp examples, 



49 


5JCAHPLES FRpM MECHANICS 


Exmvfle 1, /Velocity, Acceletatioii, Force. At time t (eeooe^) 
from a chosen instant, a particle of mass m (pennds), whicK is movmg 
along a straight line, is at the distance x (fe^> from a fixed point 0 on 
the Ime.^ If the velocity 4of the particle is e (fiset per escondX the 
acceleration a (feet per second per second) tlie' ft^ce ac^g on it 
F (poundals), express v and a as r-df^ivativea,^ widta down the 
equation connecting F^ w, a. ' 

The velocity at time t is the fafe at which the distance ^ is ri^B'caaing/ 
When t increases to let .r increase to ai+&r ; of cmirse, if s? 
decreases the increment is neoative. The average velo^y during 
the interval St is &r/&f ; apfl the velocity at fMek am 

interval St begins^ is the limit of jSLr/^ |0r St converging to aserOi 

Therefore 

(To save needless multiplication of symbols we have not 'taken a 
value ^ 1 , as we did in fining derivatives ; we suppose tik the moment 
that t has some deflnito lvalue and we hold tliat value fixed while 
finding the limit. The process is idenUi^l Vith that adopted before.1 
Again, suppose that during the interval St the velocii|r takes tne 
increment Sv ; then is the average rate of increase St r, that is 
the average acceleration, during that interval. Hence 


' dv 


(H) 


Newton called v the fluxlott of ^r, and a’^the fluxion of v or the second 
fluxion of jff; X and v he called the fluents. His natation lor a fluxion 
is a dot placed over th«|ik}ent th&a^ 

(iii) 

This notation is still used frequently In mechanics when the time is 
the independent variable. ' / f 

By the second law of motion, thejft«rce iP(^ndals) in the direction 
of motion is the time-iate of chang^ <4!^<be nmmentum mv. Thoi^fore 

(iv) 


Examine 2. Freaaure at a poii^ i;|i a fluid. ^ the prew^ 
exerted on either side of a plane are% $ flquare incl^ drawn m a 
fluid be n pounds t tjie aHtigO preasulm per square inch over the area 
m therefore pl%. If P is a point within the area, thA pressure of the 
fluid cu P\% the limit of p/s aa the 'are^ e tdnds to xetOw the point P 
being always within the,|il^ iThajpi;e8Suraata.pomt is thus a rofs 
of pretmre, and is expfeis^ as eq^waany pounds pep square inch ; 
instead of pressure at a |^nt ” ‘*ihe intosstty of pressure 

at a point is frequently ' ♦ "v . 

Example 3. lOantloiyr "of wdlmM ei a finld: ^ ^ p i!h<x»hdi 

per square inch) be the Intensity 6f. pressure imd v t he 

Volume of unit mass of a fluid, p beingsi definite fhncvoii m Wl^U 

p 
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p increases 8p let v increase by 8v ; if 8p is positive, 8v will be 
negative. llie quotient -8v/v is called the mean compression, and 
the limit of the quotient of the increment of 'pressure by the mean 
compression j^roduced is called the elasticity of volnme of the flnid. 
Hence the elasticity of volume is 


L 


I \ V/ ov dv 


When (i) pv^C^ (ii) pv^—C we obtain (§ 18, Example 3) (i) />, (ii) yp 
for the elasticity of volume/ 


Example 4. If W is the work done in stretching a rod or string 
from its natural length a to the length a+^, find dWjdx, assuming 
Hooke’s law to hold. 

The quptient xja is called the unital extension^ and by Hooke’s law 
the force F required to produce that extension is proportional to it, 
so that F^ Exja where is a constant. When x has become x + 8v let 
the force be i^+Si^and the work done W4-8TF. The work done, 8 W, 
in increasing x by 8v will lie between F8x and (F-¥8F)8x; hence 
8 Wl8x lies between F and F+8F, But when 8x converges to zero so 
does 8F, and therefore 

dx a 


It is e^ay to verify that W^^Ex^ja^^xF \ the work will be 
expressed in inch-pounds if x is given in inches and F in pounds. 

It will be noticed that (F-f differs from F8x by the product 
8F. 8x ; but, when we divide by 8x and then ^ke the limit, the term 
8F will disappear. In this and similar easel, then, we might reject 
the product oF,8x at the start and take 8 If equal to F8x, the 
diferential of IF. In practice this rejection is usually made to begin 
with ; this procedure simplifies the work and neglects nothing though it 
rejects something ! 


26. Additional Theoreign of Differentiation. We shall now 
consider some cases of differentiation to which the results 
given in^ 18 are not immediately applicable. 

I. Function of a Function. Suppose y—{x^-‘X+\)^, 
The base 1) of the power is neither x simply nor a 

linear function of a?, and therefore the derivative of y can 
not be obtained either by rule 1. or by rule V. of § 18. In 
a case like this we proceed^s follows : put a single variable, 
u say, for the base (aj^— aj-f-l); y then becomes a function 
of V, but, through u, is a function of x. The two equations 

. OJ+l 

express y as a function of a function of x. 
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Now, we can calculate dy/du and du/dz ; how are these 
two derivatives connected with dy/dx ? The answer is that 
dyidx is equal to their product, as may he proved thus : 

When 05 takes the increment Sx let it take the increment 
8u, and when u takes the increment Su let y take the 
increment Sy, to the increment Sx of 05, therefojp, cor- 
responds the increment Sy of y. But,**by ordinary algebra,' 

Sx Su Sx* 

and therefore, taking the limit of each member of the 

equation for Sx (and therefore also Su) converging to zero, 
we deduce dy_dy du , . 

dx”du^dx’ ' ^ 


The theorem (a) is clearly quite general. To calculate 
dyjdu we mi^t of course express y in terms of u. 

Example 1. Find dyidx when 

As above, ; 


dif 

dx'^ dn dx 


x(2^-l)=s — — . 


With a little practicj the substitution of u can be done mentally ; 
thus, B {x^ - a?)^ = ■“ X 2x^xl(ix^ - a*)*. 


Example 2. An important application of (a) occurs in mechanics. 
Using the notation of § 25, example 1, we have 


dv dv dx dv dv 

^'^dt'^dx^ dt'^dx dx 


But, 


d.v^^d,v^ dv 
dx dv ^dx 


n 


80 that 

Equation (iv) of § 26, example 1, m^y therefore be put in the two 
(iv); (M 


In (iv) E is expressed as the time-rate of change of mm&entiim ; in 
(iva) as tile space-rate (rate per unit of distance) of change of kinetic 
energy. (The kinetic energy is 
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In the same way as theorem (a) is established we prove 

n dx , dy 

(*> 


dx dy 


Theorem (a') has a simple graphical interpretation which 
the strident should find. (Take dyfdx as the gradient of 
the graph of y and use the frigonometHcal interpretation 
of the gradient, § 5.) 

II. Derivative of a Product. Let u and v be functions of 
X. When x takes the increment Sx, let u take tlie incre^ 
ment Su and v the increment Sv. Then the increment 
of*the product uv is 

S{uv) = (u + Su)(v + Sv) — uv— vSu + uSv +SuxSu. 

Therefore + 

inererore, 


so that, 


d(uv) du , dv 

-itr =''5+”& 


.(u) 


because the limit of ^ X is x 0, which is zero. 
Sx dx 



Fiff. 12 gives a geometrical^interpretation. The differentia] vdu is 
equal to the rectangle the differential udv to the rectangle D/T, 
and the differential d(uv) is equal to the sum of BG and DK. 

The increment S{uv) of the rec^ngle A C (or uv) differs from the 
differential d(uv) by the rectangle Vn which is equal to Su x Sv. 

If Uy V are the lengths, in inches say, of the sides of a rectangular 
plate A BCD when tne temperature of the plate is x degrees, then 
d{uv)ldx is the rate, in squares inches per degree, at which the area is 
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ex]mnding ; dujdx and dvjdx are the rates, in inches per degree, at 
which the sides are expanding. 

If there are more tlmn two factors, say u, v, we may 
extend theorem (b) by applying it twice; thus, first con- 
sider vw as forming one factor and we find 

D{umo) — D(u, mv) = vwDu + uD(vw). 

But D (vw) = wDv + vDwt 

so that D(itvw)^vivDii+mvI)v+xivDw (b') 

If we divide both iiieuibers of (b') by uvto we obtain 

D(vlvw) Du Dv Dw „ 

UVW V IV I ^ ' 

a form wliich is easily extended to any number of factors. 

Example 3. Differentiate 1). 

+ 3) -I- 1 ) = ^ - .V + 1 ) /K2x -f 3) + (2x -h 3) - .r + 1 ) 

=7 sl(x^ - .r-fl)x2 + (2.r 4- 3) x (2.r ~ 1 - .r + 1 ) 

ilio value of — being taken fioin example 1. To lessen 

the ohance of inistalces in compUctited differentiations, a derivative 
that (’annot be at once written down should bo worked out separately 
and tlien inserted. 


III. Derivative of 4i Quotient. Let the quotient be ufv and 
write the quotient as a product, namely ; then by (b) 

d{u/ v) __ d(ii,v * - 1 ^ ^ 

dx ~ dx dx ~ dx 

,^dv 1 dv 

dx ~ dx 


But 


d(v _d(v'^)^ dv _ 
dx dv dx"^ 


Substituting and reducing, we find 




vDu— uDv 


.(c) 


Example 4. Differentiate (7x^ ~ 3j? + # )/{x^ + 2.r + 4). 

\ a:‘‘* + 2^+4 / (.r2+2.r4-4)‘‘* 

17.r2 + 54j7-»14 

When the denominator is a power it is better to express the 
quotient as a product and to use (n) an^ (a). 
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The following example is of a type that is of great 
use in integration. The process is that of clianging tlie 
independent variable. 


Emmple 5. Given ^=arV(**+l) find ^ where ex- 

pressings the value in terms of u. Deduce the integral of ^)* 

du 


because 


dx 

dn 


1-r 


dx 


Hence, 

The integral with respect to m of is as may be tested by 
differentiating with respect to u. Therefore y== so that, replacing 
ttby.^'2^-l we find The student should test that the 

^-derivative of is XsJ{x^-¥\\ 


The next example shows how to find ‘the gradient of a 
curve when the coordinates are expressed in terms of a 
third variable as is so often the case in mechanics. 


Example 6. If x and y are both functions of a third variable 
show that 

dx~~ dt * dt' 

We can apply (a) and (a') ; for y is a function of and ^ is a 
function of a*, since a? is a function of t Therefore 

dx^ dt dx^ dt * dt* 

Or^ we may use differentials.. If t takes the increment dt then the 
differentials ay^ dx are given by 

dy^^dt, dx^'^dt. 

Dividing dy by dx^ we obtain the result stated. 


EXEECISES. V. 

1, The horizontal ^nd vertical coordinates {Xy y) of a moving point 
are, at timet, a;=400t, y=300t-16t*. 

Find the horizontal and vertical ^mponents (i) of the velocity, (ii) 
of the acceleration of the point, rind also the highest point of the 
path and give the direction of motion of the point (thht is, give the 
gradient of the path) at time t. In what direction is the point moving 
when^«0? 
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2. Tbe same problem as in example 1 when 

x^Uty y= Vt-\gt\ 

3. A point is moving in a circle of radius a, and at time t the radius 
to the point makes an angle 0 with a fixed radius. If v is the speed 
and CO the angular velocity of the point, show that 

de 

CO = 2^, v~coa. 

' Express in symbols the tangential acceleration of the point. 

4. If N is the number of lines of force passing through a circuit, 
state in words the meaning of ~ dNjdty t denoting the time at which 
the number of lines is N, 

6. Express in symbols the statement that the electromotive force E 
is the sum of two terms of which the first is the product of the 
resistance It and the current (7, and the second is the product of the 
self-inductance L and the time-rate of increase of (7. 


Differentiate the functions 6-47. 

6. 7. V(l-n 8. 

9. 10. v/(3a;«4-5). 11. ^/(5-3;r»). 

12. 13. s/(b--ax^), 14. ^/(«?»4•2x-3). 

15. •/(B+'to-ar*). 17. V(aS^+6j:+c). 

21- 22. 4/Cr*+l). 23. 


26. {ax+h)(Ax^+Br+0). 
28. {;»+l)(ii:+2)(.r+3). 

30. {ax + by (ox +<!)''• 

32. *«y(l - a:®). 

34. {a+x)s/(a^-^y)- 
36. (&r+4)V(^+ar-2). 


38 . 


atr+4 

6af+6' 


39 . 


ax+b 

cx+cC 


2 ®’ '^(ax^-i-bx+o)' 
27.,(r*+4c+3)(«»-4i?+3). 
29 . (^v-iy(Sx+4y. 

31. {ax+b){Ax^+Bx+Cy. 
33. (24;+3' -'(^+4). 

35. (ax+bU(Axy+B). 



ay 

xH\' 


42 . 


i+6x+x^ 


43 . 


(3af±2)* 

ix-ay'' 
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48, At time t seconds the three conterminous edges of a rectangular 
parallelepiped are Uy v, w feet respectively ; find the rate at wliich the 
volume IS increasing. Of which of the formulae in § 26 does this 
example furnish an nlustration ? 

49. The radius of a circle is increasing at the rate of 2 feet per 
minute ; at what rate is (i) the circumference, (ii) .the area, increasing 
when the radius is 10 feet ? 

60. If# the radius of a circle is increasing at the rate of v feet per 
minute, at what rate is the area increasing when the radius is x feet ? 

61. The radius of a sphere is growing at the rate of v feet per 
minute ; at what rate is (i) the surface, (ii) the volume, growing when 
the radius is x feet ? 

62. A vessel in the shape of a right circular cone, with vertex 
downwards and axis vertical, is being filled with water ; the inflow 
of water iaat the uniform rate of 12 cubic feet per minute. At what 
rate is the surface of the water in the vessel rising when its deptli 
is (i) 10 feet, (ii) .v feet, the height of the vessel being 20 feet and the 
radius of its circular top 10 feet ? 

63. A reservoir has plane sloping sides and ends ; its top and 
bottom are horizontal rectangles of sides 24 and IG feet, and 12 and 
8 feet respectively, and its depth is 40 feet. If- water flows into it 
at the uniform rate of 30 cubic feet per minute, at what rate is the 
surface rising when the depth of water is 10 feet ? 


Maxima and Minima. 


Find the maximum and minimum values of the functions 54-61 
a is a positive constant. t 

64, 65. (a+;r)V(a2-.r2). '66. .r^C.r + l)^ 


67. 

60. 




68 . 


59. 




ax^+2bx+a 


61. (a+x)y/{a-x). 


-.r+l 


62. The stiffness of a rectangular beam varies as the product of 
the breadth ,and the cube of the depth ; find the breadth and de]3th 
of the stiffest rectangular beam that can be cut from a cylindrical log, 
the diameter of the crox r section being d inches. 

63. Given the total surface of a cone, show that wlien the volume 
is a maximum the sine of half the vertical angle will be J. 

64. Assuming that the brightness of a small surface A varies 
inversely as the square of the distance r from the source of light and 
directly as the cosine of the angle between r and the normal to the 
surface at A, find at what height above the centre of a horizontal 
circle of radius a an electric Tight ishould be placed so that the 
brightness at the circumference may be greatest. 

66. If the intensities of two sources A, i? of light be 6® respec- 
tively, find the point on the line AB at which the brightness is least. 
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Change of the Independent Variable. 


In examples 66-75, find expressing its value in terms of w ; 

deduce the value of y in terms of x. Show that example 75 includes 
the others as particular cases. 


66. w=.r2+2.r+2. 

67. ^=(2j;+3)(a-2+3a- 2)3: «=jf* + 3j;-2. 

68. ^^=V(3-.r*); w=3-.r*. 




69. u^ax^-^h. 

71. /o -"] XVr 

(Ir V(2.r--4.r-f 1) 


72. '4'^= 


2(^/.r + ^ 


; u^ax^'^hx'\-c. 


cLv sf{(iX'-¥hx-\-c) 

73. n-ax^-^h, 

74. ^ -f /)) -f hx 4- f)" ; w = ax^ + hx + c. 


da 




/•/ \ 



CHAPTER V. 

INTEGRATION OF POWERS. 

27. Integration. Suppose we know the gradient at 
every point of a road with no turns in it, and also the 
height of one point of the road above a datum line; we 
can then, it is clear, draw a contour or trace of the road, 
and show the height of any point on it above the datum 
line. Stated geometrically the problem is simply: given 
the gradient at every point of a plane curve and also the 
coordinates of one point on it, find the equation of the 
curve. 

Consider the qase in which the gradient is gi^en by the equation 

( 1 ) 

and the curve goes through the point (2, 9). 

The first question is, Can we find a function which will, when 
differentiated, give 3 -f ^ ? From what wo know of differentiation 

we can sav that 3^+2a?® — is such a function (test by differentiating 
it) ; but, bearing in mind that u constant term of a function does not 
appear in ite derivative, we see that, if a constant term be added to 
the function just found, the function so obtained will also have 
3+4^— ^ as its derivative. Hence we put 

y = 3^17 -4- 4- (2) 

where C is any constant. 

For different values of G the equation (2) will give different values 
of y when 4?«2. To solve thi& problem, we must choose C so that 
y«=9 when that is, equation (2) must be true when i*?— 2 and 

y«9. Hence 

9«6+8-§ + Ci (7-^3 
and the equation * 

y»3a7+2j;*--3d7®-J (3) 

solves the problem completely. The only tests needed are (i) that it 
gives for Dy the value in (1), and (ii) that it is true when ^—9 and y ==9. 
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The process by which the problem has been solved 
reduces, mere algebra apai-t, to finding a funcfuon which 
has a given function as its derivative, and is called Integra- 
tion. Any function wliose derivative is equal to a given 
function is called an integral of the given function. When 
any amatant term, C say, is added to an integrjj of a 
function the resulting function is also an integral; it is 
called the general integral, and C is called the constant of 
integration. Thus are integrals of 

is the general integral of 

The variable part of an integral is usually called the 
indefinite integral, or simply “the integral.” Thus is 
the integral of ^**-1-1, .Ja;®— 2 are particular cases of 
the general integral obtained by giving C the values 1,-2 
respectively. 

The notation for the (indefinite) integral of a function 
F(x) is ^Fix)dx ; 

read, “ the integral of F(x)dx.” The differential dx 
indicates the variable of integration, namely x, and the joint 

symbol me^ns “integral of ... with respect to x.” 

The function to be integrated, F(x), is called the integrand. 
We thus have, for instance : • 

(i) |(3-|-4a!-£c2)(fo,==3a;q.2a;2-.ja!®; (ii) = < + 

The test of the correctness of integration is simply 
Derivative of Integral = Integrand, 

or, in symbols, 

The student will find -that his progress will be more rapid if he 
actually tests his results by differentiating them than if he contents 
himself with looking up the Answrers. Thus the integral in equation 

(ii) is correct because 

^ («-»• 1 -t « ^integrand. 
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If 11 . is not equal to — 1 we 


rii+l 


n+1 


( 1 ) 


28. Integration of Powers, 
have (§18 I.), 

j*x“dx= 

In words : to integrate a:", when n is not — 1, add 1 to 
the index n and then divide by the index so increased. 

More generally, when n is not — 1, we have (§ 18, V.) 

(lo) 




(n+l)a 

The form (la) occurs so often that it should be committed 
to memory. The ax+h is a linear function of x and the 
integral contains a, the coefficient of x, in the denominator. 

The above rule fails when -n = — 1 ; we state here, so that 
the results may be used in working problems, that 

a^^dx=hoge(ax+b). (2) 

\jx is, of course, the same as These results are proved 
in § 61. loggic is the Napierian logarithm of x (§C1). 

when the integrand is a fraction the symbol dx is often 
written in the numerator ; thus 




Cdx 1 Cdx , 


It is evident from the rules of differentiation, that the 
integral of the sum of two or more terms is equal to the 
sum of the integrals of the.terms ; thus, 

^"(3 + 4a: — a3^)da; =» JacZaj + |4ir(/£c — 

= 3x+2^^—la^. 

Also a constant factor may be written outside the 
integral sign ; thus 

1 4a3*(Zaj = 4|a;®da: = ga:* ; j*aa;"da:=a|a:”<ia:. 

The constant of integration is* not usually inserted when 
finding indefinite integrals, but it must always be added 
when a problem is being digcussed. 
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Examj^ 1. The acceleration of a particle of niaea «» which is 
moving m a straight line is constant, equal to g ; if, at time t=0, ite 
velocity is Tand its distance from a fixed poiltt 0 on the line a, find 
its position at time U 

Ijfyt X be its distance from 0 at time t ; then by § 25, example 1 (ii), 



This equation is called “ the differential equation of motion.” 
integrate with respect to t ; therefore 


.. (1) 
Now 


V 


dt 


=<7<+C'. 


When <=0, »= V, so that the constant G= I', and we get 

( 2 ) 

Integrate again ; therefore 

where C' is a constant. But when ^—0, r^a and therefore €* — a. 
The distance of thfe point from O at time t is therefore 

a?=i<7/2+ 17 (3) 

The kinetic energy E i.s equal to ; we have, combining (2) and (3), 

E— — hn - rt) (4) 

Equation (4) may b(Vf>btained by ccjuation (iv a), p. 51 ; for 
IE * 

mg ; E ~ mgx + constant ; 


wlien x-a, E^^mV^ .so that the constant is giving 

ecpiation (4). 


Emtnple 2. Integrate (ar^d- 3)/(2.r-j;- 1). 
By division wc hnd 


ar ^+3 

2x-hl 


= 4^2 _ 2.*? 4-1 4- 


2 

+ i ^ 


therefore, ~ 4* 4- log {2x 4- 1 ) 

where log(2j7 4-l) means the Napieriaif logarithm of 2.r4-l» 

Note. Unless the contrary is stated the synibol ‘‘ log ** is 
now to be understood as meaning the Napierian logarithm. 

. Example 3. Integrate (5a? - 7 )l{x 4- 1 ) {2.r - 1). 

Express the fraction as the sum of tw’o simple fractions, that is, 
resolve the fraction into its partial fr#wJtions. Since the fraction is a 
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proper fraction (that is, a fraction whose numerator is of a lower 
degree than its denominator) we write 

(^•f 

and find the values of A and B that make this equation an identity. 
The simplest method is the following. Clear of fractions ; we find 

6ar - 7 « A (2:r - 1) -f 1) (ii) 

Equation (ii) is an identity, and is therefore true for every value of x. 
First, choose ^ so that ^+1=0, that is, a?= - 1 ; we thus obtain 

-5-7 = ^(-2~l) or.4==4. 

Next, choose x so that 2a?- 1 = 0, that is, ; therefore 

6£-7_ ^_4 3 _ 

(^+l)(2a?-l) .r+1 2a? -1’ 

/ 1) - f iog(2r- 1). 

When the fraction is improper (that is, wh(Sn the degree of the 
numerator is higher than tnat of the denominator) we first express 
the fraction as the sum of an integral function and a proper fraction, 
and then resolve the proper fraction into its partial fractions. 

For example, 

2a?5-3a?2~26a7 + 58_g, ^ , 3a?- 2 

a?2-ra?-T2 * 

and 3 £z2 _2_ 

,^;^+.^'-i2 0^-3 .r+4 

so that the given improper fraction is equal to 

2«-6+-i-+-?- 

« a?-3 07+4 

of which thp integral is 

- 6o 7+ log(a7- 3) + 2 log(o7+ 4). 


Hence 

and 


Example 4. 


We have 


Show that 


{ dx \ \^^lx-a\ 

L.) 

x^-a^ 2a\a?-a x-^a/^ 


and therefore the integral is 


^{log(*-a)-log(;r+a)},or ^log 
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Integration, like all invei‘se operations, is essentially a 
tentative process ; it is only a coniparaj^ively small number 
of functions whose integrals can be expressed in terms of 
ordinary functions, and much practice is needed for the 
acquisition of facility. In this book, however, we deal only 
with simple cases, and we shall indicate as they occur the 
more important algebraic and trigonometric theorems that 
are useful in handling integrals. Here we note the methods 
of examples 2, 3, 4. The division in example 2 and the 
resolution into partial fractions in examples 3 and 4 reduce 
the functions to forms that are immediately integrable, 
that is, that can be integrated by applying a standard result. 
The standard results obtained up to this stage are given 
in §28 (1), (lu) and (2); as we proceed we shall add to 
these standard forms. For a full discussion of partial 
fractions the student must refer to a text-book of algebra. 

The following examples are very easy but the student 
will do well to try most of them, simply to gain mechanical 
dexterity ; when he comes to practical work he mxist not be 
hampered by imperfect knowledge of the use of his tools. 


, EXERCISES. VI. 
Integrate the functiohs 1-50 : 


1. 

1. 

2. 

X. 

3. .3J+1. 

4. 

2.^ + 1. 

6. 


6. 

7. 

5:r2-3ji7-f-4, 

8. 

(.r>.l)(.r-2). 

9. (2jF-l)(,r-2). 

10. 


11. 

{<ix + b)(Ax + B). 

12. x-ofi. 

13. 


14. 

ax^+bx^+cx+d. 

16. Jx. ^ 

16. 

^Jx 

17. 

x^ 

“■'jk- 

19. 

1 

20. 

1 

21. 



X 

22. 

* 

23. 

■ 

ax^^rhx-^^c 

24. . 

25. 


96. 

) 

27. V(a»+3). 

(&+!)*■ 

28. 

1 

29. 


30. , 

V(2»+3)' 
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31. 

1 

32. 

1 

2x 


33. 

a?4-l 


2a?~3* 

3- 



.r~ r 

34. 

2x 

35. 

4r4'5 

36. 

2a73-ar2+2 

ir~3‘ 


x-i 



07 + 2 

37. 

1 

38. 

1 



39. 

1 

x^-\' 


x^- 



07 ^- 3 * 

40. 

c ^ 

40,^ -9' 

41. 

1 

Zx^ 

rrE- 

1 


42. -i’--. 

j"^-4 

43, 

X 

44. 

{x- 

■2)(x~ 


45. 

aj:+2 

{x- l)(2.»+3)' 

46. 

1 

{x^^){x - h)' 

47. 

{x- 

X 

' Cfc) (oT - 

■hi 

48. 

{x 

.3r-7 

■- l)(.t-2)>-3)- 

49. 

•1 

x\x-l)‘ 

50. 

{x- 

.5-2t 

■l)V+2)' 




Solve the differential equations 51-55, determining the constants of 
integration so as to satisfy the condition stated in each case. 

51. Df/ = 6 - 3a? ; t/ — 0 when a? = 0. 

52. Dy^ax-^h ; ^ = c when a*==0. 

53. ; ;/ = 1 when .r ~ 1. 

54. Dy^x-’ijx '^ ; y=2 when .r=l. 

55. IJ^y—x^ \ ; ?/=0, /)//=l when a? =0. 


56. At time t the component velocities of a point parallel to the 
coordinate axes are given riy the equations 

dx Tr xr . 

— == K cos a, “’.*7^ J 

if the point is at the origin when ^=*0, find the values of .r and,y at 
time t 

57. At time t the component accelerations of a point parallel to the 
coordinate 6xes are given by the equations 

d\v ^ d^y 

find the coordinates of the point at time t given that, when ^ 

,r=0, 2 ^= 0 , ^—Fcosa, ^=rsina. 


58. A particle of mass m is moving in a sti^aig?^ / , 

distance from a fixed point 0 on the line is Xy the» ' ^ « jt i 

-kmxy where ^ is a positive constant. If ^/Iforce in zer 

when x—a find the value of E in any othen-^ energy 

59. If in example 58 the force is -^afel^osition of the « 

zero when x is infinite. iMni^ given tna 
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Tho ^uations 60>*63 occur in tho theory of the bending of beanie, y 
measuring the deflation of the beam. Integrate the equations, 
subject to the conditions stated. Eind in each case the maximum 
value of y. 

60. A') ; y=0, ^*“=0 when at— 0. 

61. ; y-0 when :r=0, ^=0 when 

62. “ ““ \w{Lt — x^)\ y = 0 when or = 0 and when .r « Z. 

63. y==0, ^^=0 when .r=0, and A* is a 
constant to be determined by the condition that y — 0 when x^L» 


29. Change of Variable. When a function is not im- 
mediately integrable, it can frequently be reduced to a 
form that is immediately integrable by a change of the 
variable of integration. This aid to integration is of the 
utmost importance. 

The method of changing the variable has been illustrated 
in example 5, § 26, p. 54. 

Suppose we have to integrate i) ; let 

y — j Xy/(x’i’^l)dx, so that 


Now let u^x^+l ; then, by § 26, example 5, 
so that j 

and therefore Jx^/(x^ +l)dx~y^l(x^+ 1)^, 

when u is replaced by its value in terms of x. 


The process therefore consists in choosing a new variable 
u, calculating dyjdu and then evaluating the u-integral, 
the variable u being finally replaced by its value in terms 
of the original variable. 

We may now state the process in general terms. Given 



so that 


% 

dx 


^F{x\ 


s 


O.I.C. 
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Choose a new variable u, and from the equation between 
u and X calculate dxjd/w ; then 

du~dxdAi~^^^^du : 

Express F(x) dx/dw in terras of u alone, so that dyjdu 
becomes a function of u; writing equation (2) in the 
,integ|ral form, we obtain 


'!/=^F{xf^ 


From (1) and (3), the integrals in which are equal though 
differently expressed, we have 


\F(x)d^=\F{x)^Jn. 


Hence the rule : In the given integral replace c2a; by , duy 

dx * dx 

calculate ^ and express the new integrand, F{x)^y in terms 

of u alone. 

It may be possible to evaluate the u-integral ; when the 
evaluation has been effected, the variable must be replaced 
by its value in terms of the original oi^e. 

Example 1, Integrate 

Let ; therefore 

du €&: 1 X dx \ 

dx ^ du x^'\‘\du 2w 

and y=/^«^M=i/^=ilog«=ilog(**+l). 

In practice it is usually simpler to work with differentials, that is, 
to express dx in terms of dUy as in the following example. 

Evaluate 

Let ; then 

du^{^x-S)dx\ {x^i)dx^\du\ 
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Example 3. Integrate + 2X 
Let j:+ 2=!M* ; then 

dx==%a6htx V(jP+2)-'«; a;*=««-4»*+4 
and j a:•^/(»+2)c^r= J («*-4»*+4)m. 2Kd« 

-'ij (»• — 4m*+ 4i/®)rf» 
=-2(}.«T-jMS+j«3) 

= |^(15tt^-84?^*+140). 

Putting for w its value (a? +2)^ we find for the value of the integral 

1 (15a?« - 24a:+ 32)(^ + 2)^ 

or 1 “ 16r + 64)ay(^+ 2). 

The chief difficulty in these examples lies in the choice 
of the new variable; experience alone gives facility, but an 
attentive considenation of the substitutions suggested in 
Exercises V. 66-75 may help the beginner. Note, for 
instance, that in example 2 aT)ove (.» — 2)cia3 is, but for a 
constant factor, the differential of 2x2— 8aj+5. linear 

substitution indicated in Exercises VII., example 26 will 
frequently be useful 


EXEBCISES. VII. 


Integrate the functions 1-22. 

4. — 


' 5^4-2flW74«62‘ ’ 

6. x»J(cu^+b). 


5. 




7. 


ft _ 

+ c)’ 


9. 


at?~3 


^ (*»-ar+8)*’ 
13. a?^(x+\). 


15. 

17. *"-»(«*" +6r- 


^»+a»y 

14. (2a?+6)^(x+3). 

16. 

18. 
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29, /if}. (This is the special case of example 18 when - 1.) 

f{^) 


20 . 


(a.r+6)^ 


23, Show that, if w=-i, { — — ■ , = -if and then evaluate 


the integral 


_ _ ^dx ^ f dx _ ( dx __ f -^du^ 


24. Integrate 1 l(x ^ + by the substitution u = a^/x^, 

25. Integrate ll(x^ + 4x+5)^ by first putting u=x+2 and then 

V = 1 

[The substitution u^x-^2 reduces a?2+4.r+5 to in which the 

variable occurs only in the second power; the quadratic ,v^+4x‘^6 
becomes the pure quadratic Any quadrj^tic can be reduced to 

a pure quadratic by a linear substitution; for 


a.r^ + o^+c=al ) +c-7-=a^^H 

\ 2a/ 4a 4a 

if u^x+hl^a. This reduction of the quadratic is often useful.] 


26. Integrate l/(x'^4-2ax-hh)^, 

[Use the linear substitution u—x+aJ] 



CHAPTER VI. 


AREAS. DEFINITE INTEGRALS. 

30. Areas. Newtonian Method. Let GPD (Fig. 13) be 
the graph of a function F{a)] 

OA=^a, AC^F(a); OiM -x, MP-F(x). 



Let ^ denote tlie area AjMPCi tliis area may l)e thought 
of as being generated by a variable ordinate, wl^ch sets out 
from the position AC and moves to the right, z is thus a 
function of x wliich is zero wlien x^ci. lo calculate z we 

first find dzjdx, , ^ 

First y let every ordinate be positive. When x takes 
the increment Sx{=^MN) the ^ea z takes 
( 52 ;(=:area MNQP). Draw PRjSQ parallel to MN* ^ Then 
MNQP is equal to the rectangle MNRP, together with the 
area PRQ which is less thai^ the rectangle PRQ8; therefore 

8z-MP >iSx+(a quantity less than RQxSx)^ 

^^ = MF+U quantity less than RQ). 

O'X 
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When converges to zero so does RQ, and therefore 

^ = MP — F(x) — ordinate at x. ,(a) 

The differential dz is equal to F{x)dx, the rectangle 
MNRP. 

r 



Secondly^ suppose the ordinates to be negative (Fig. 14) 
The product MrSx is now negative , we make the conven- 
tion that, wlien the ordinates are negative and the increment 
Sx positive, the area shall he reckoned hegative We then 
get the same value for dz/dx as before , ’but it must be re- 
membered that the area is an algebraical quantity (see § 31 , 
examples 1 and 2j. 

z is therefore that function of x whose derivative is 
and which is equal^ to zero when x — a\ in other 
words, z is^that integral of F{x) wliich is zero when a; = a. 

For definiteness, let F{x) = 4 + ~ , then 

z = ^(^-\-^X’-x^)dx+G—^x+^x^-^\j(?+C, .. . .( 1 ) 

Also, 0 = ( 7 = -( 4 a-f-^a 2 _ i^s)^ and 

therefore 

0 = 405+503^— \o?\ (2) 

If OB^hy the area ABBG iif the value of z when x=^h\ 
therefore ^ Wea ABDG is equal to 

( 3 ) 
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31. Definite Integrals. There is a special notation for 
the integral that is equal to the area ABDC, namely' 

f (4+7«— (4) 

Jtt 

read, “the integral from a to 6 of (4+7jr— 

The function denoted by the symbol (4) is called a 
definite integral ; a and b are called the limits of the integral, 
a being the lower limit and b the upper (The word “ limit ” 
here means merely “ value of the variable of integration at 
one end of its range'*; “end- value of the variable/* This 
use of the word must not be confounded with the other 
technical meaning defined in § 16.) The distance or interval 
AB, equal to 6 — a, is called the range of integration. 

By comparing equations (1) and (3), § 30, we see that the 
value of the definite integral (4) may be obtained by the 
rule: Find the indefinite integral of then 

replace x by 6, tim upper limit; next replace x by a, the 
lower limit ; finally subtract the second result from the first 

In finding the definite integral it is needless to add the 
constant G to the indefinite integral, because it disappears 
in the subtraction. 

In general, if /(co) is the indefinite integral of F{x), that 
is, if i)/(a?) = jP(a3) we have 

fV(a:)cte=r/(a:)lW(i>)~/((0 00 

The function in brackets is the indefinite integral, *and 
a, b on the right of the bracket are tlie limits ; the symbol, 
taken as a whole, is a compact and convenient^method of 
representing the rule for evaluating the integral. 

The following examples should be carefully studied. 

Example 1. Find the area between the graph of the 

j?«axis, and the ordinates at and .a^==2. 

The required area is 

3.r«4-2.r)rf;r=[j - 0=0. 

Tlie reason for this apparently absurd result is, that from arasQ to 
the ordinates are positive, while from x—l to it ^2 they are 
negative. The first part of the area therefore is positive, and the 
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second part negative ; it happens that these two parts are numerically 
equal. The separate areas are 

Before he tries to calculate an area, the student should 

always sketchy however roughly, the graph of the function. 

' fa fb 

Example 2. Show that / F{x)dx— - \ F{x)dx, 

By equation (b), if F{x) ^Df{x)y 

j[V(^)^i»=[/(^)];=/(a)-/(6)= -[/(^)]‘= - jrV(^)rfx. 

Hence, we may interchange the limits of an integral if at the same 
time we change the sign of the integral. 

Geometrically interpreted, this result means that the area traced out 
by an ordinate moving from the position .^’ = 6 to the position :r=a is 
or opposite sign to the area traced out when the motion is from to 
x=^h. It is very important to observe that the sign of an integral 
depends not only on the sign of the integrand F{x) but also on 
the relative (algebraic) magnitude of the limits a and b ; even if 
F{x) is positive the integral will be negative when the lower limit is 
greater than the upper, l^ius, 

Example 3. Prove jf F{ji^ 

The area represented by the integral on tlie left is the sum of the 
areas represented by the integrals on the right, so that the equation is 
correct. 

Example 4. What is the value of a definite integral when the two 
limits are equal ? 

The value# is zero, because the ordinate does not move and no area 
is generated. 

Example 5. Show that j J F(7i)du, 

Each integral represents tlie same area, because the graph is the 
same whether the abscissa is denoted by x or by u. 

Otherioise^ if F(x)=^D,f(x) tiien F{u)=D^{u) and each integral is 
equal to /(6) - /(a). Hence, 

A definite integral is a function of its limits and not of the variable of 
integration. 

The area A MFC (Fig. 13) may be denoted by either of the integrals 
Com Com 

F(x)dx or ^=1 F(u)du, 
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Here OM is the abscissa of the final position of the generating 
ordinate. We may, if we please, put x for OM but this x is not the 
same as the x in P{x)dx ; as will be seen later (§ 33) F(iv)dx is rather 
a type of a series of terms than a single term, 
by §30 (a), dzldx^F{x) ; hence 


Example 

^-2 = iA 


6. Evaluate ^(x+l),^/(x-2)dx by the 


substitution 


(:r+l)/v/(a?-2)c?lr, when expre.ssed in terms of w, lyccomoii(2u*+ 6 u^)du. 
Now, what range of values does u take as x increases from the lower 
limit 2 to the upper limit 6 ? When o'— 2 the equation ^ 2=w* gives 
u = 0f and when a:-— 6 the same equation gives so that, as x in- 

creases from 2 to 6, u increases from 0 to 2. The lower limit for the 
new integral is therefore 0 and the u])per 2. 11 (nice 

J^(x-hl)xl(x-2)dv-^ -f 


jMote. When clian^ing the variable in a dejiiviie integral, 
it is not neces.sary,t() replace the now variable in the result 
by its value in terms of the old, provided we choose the 
limits of the new integral, as we liave done, to correnpond 
to the limits of the ol(l ; the n<*AV lower corresponds to the 
old lower and the new upper to the old upper. 

The following example is important. 


Exam pie 7. Prov(3 eiv ^ \xj{a’^ - x^) -f si u 


In Fig. 15 OA, OfJ are two periam- 
dicular radii of a circle of radius a ; Om -- .r, 
— the angle B0P=^6 radians 
and sill O^xja, 

Now, 

area OMPB^ AO MP+ sector BOP 
because ^ 

sector BOP and 0—sin~^(xla). 



But the area is also l opresentcd b^^tlie Fig. 16 . 

therefore :J{a^ ~ x^dx^^xJla^ - x’‘)dx 


By example 5, the derivative of this integral is »J{(P“’X^)y so that 
the indefinite integral - x^)dx has the value stated. 
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32. Interpretation of Area. The interpretation of the 
area z will depend on the nature of the quantities repre- 
sented by the abscissa and the ordinate. The interpretation 
is most readily made by considering dz, which is equal to 
MF xdx\ of course, z and dz represent the same kind of 
quantity. The following are typical cases. 

If OM or X represents time and MP or F(x) velocity, 
then dz represents velocity X time, or distance \ the area 
AM PC represents the distance gone in the time represented 
by AM. 

If OM represents time and MP acceleration, then dz re- 
presents acceleration X time, or velocity) the area AMPO 
represents the velocity gained in the time represented by 
AM. 

If OM represents the distance a force moves its j)oint of 
application and MP represents the force (the direction of 
the foroe being constant and always that in which its point 
of application moves), then dz represents force x distance, 
that is, the work done by the force) the area AM PC re- 
presents the work done by the force in moving its point of 
application through the distance represented by AM. 

As regards scales, if 1 inch for abscissae represents, say, 
5 seconds and 1 inch for ordinates a vetocity of 10 ftn^t pin- 
second, then 1 squari inch of area will i-epresent a distance 
of 10x5 or 50 feet. If 1 inch for abscissae represents 10 
feet and 1 inch for ordinates a force of 50 lbs., then 1 sejuare 
inch of area will represent 10 x 50 or 500 foot-pounds of 
work ; and so on. 

Ifi^(a3)^is the derivative of /(cr) the area AM PC is 
/(«?)— /(a); in other words, the area between the graph of 
F{x), the aj-axis, the fixed ordinate F{a) and the variable 
ordinate F{x) is equal to the variable ordinate /(a;) 
diminished by the fixed ordinate f{a). The increase of 
the area is thus equal to the increase of the ordinate f(x). 
If the fixed ordinate V(a) is so chosen that /(a) = 0 
(for example, if 

F{x)^A+Bx+Cx\ f{x) — Ax+\Bx^+^Ca?, 
and a = 0, then f{a) the area is equal to the ordinate 
f{x) ) in any case, the area only differs from the ordinate 
f{x) by a constant. The ^raph of f{x) is called, from this 
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consideration, the integral curve of the graph of F(z). (See 
Chapter XIV.) 


EXERCISES. VIII. 


Calculate the definite integrals 1-25. 

1. . 2. j['(2r+3)rf.r. 3. j*J,‘&-x)dx. 4. 


6. j x^dx. 

6. 

j^\(5+8x-3x‘)d.v. 7. 

f (0+S.v-3r^)dx, 

5 

8. j (x-x^)dx. 

9. 

rdx 

A x‘^' 

10. 

ndx 
k i»‘ 


12. 

|'(2.r+3)V.r. 

13. 

P dx 

14. ^ ^xdx. 

15. 

J y(x^2)dr. 

16. 

ndx 
k ;7 J 

17 • r 

*'• J«V(2a: + iy 

18. 

p cf.r 

A 4'(7x^iy 

19. 

ndv 

4 


• 

21. 

P dx 

Jo 4-x 

22. 

/* dx 
;-i 2 u7-H3‘ 


24. 

n dx 

25. 

Mx 


Evaluate bv approprijite aubstitutionH the intcgrak in Exaniplee 
26-34. 

26. (‘A-.y(x»+9)^/.c. 27. 28. 

' xdx „„ f" xdx /■* 

33. f-— • *34. 


29. 




35. Find the area bounded by the mrabola y=64-6.r-A*'-*, the 
positive parts of tlie coordinate axes and tlie ordinate at ;f =5. 

36. Trace the curve from ^—0 to and find the area 

between it and the o^-axis. 

37. Trace the curve fron%^= ~1 to and find the 

area between the curve, the ^-axis and the ordinates at — 1 and 

38. Find the area between the parabola y^ux^-¥hx-^c^ the ^-axis 
and the ordinates at x^ -4 and 

If y has the values y^^ y^ y^ respectively when x has the values 
- A, 0, A calculate the values of a. A, c in terms of y^^ A, and 

show that the area is JA(yi+y34*4y2)* 
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39. If yj, ys have the sarae meaning as in example 38, and if 

y « + ca? +y, show that the area is J A(yi -hys + 

[Note that the area is so that only the values of h and g 

need be calculated.] ^ 

40. Show that the area bounded by the parabola y‘^=^\ax and the 
double ordinate through the point (6, c) on it is J he, 

41. Find the area between the hyperbola the x-axis and 

the ordinates at ^=a and x^h^ assuming a and h to be both positive 
and a less than h, 

42. Find the area between the curve y^kjx^^ the :r-axis and the 
ordinates at x=^x^ and x^x^ assuming that n is greater than 1, ^nd 
that .Tj, X 2 are both positive and x^ less than x^- 

If y„ y 2 are the values of y when x has the values x^^ x^ respectively, 
show that the area is (x^y^ - - !)• 

43. Find the area between the curve y=x^lc^'~^^ the o^-axis and the 
ordinates at . 1 ;=^. and x=x^ assuming that n is greater than 1, and 
that x^^ x^ are botn positive and x^ less than x^. 

If y has the values y„ ya respectively when x has the values x^^ x^, 
show* that the area is (.*^ 2^2 “ + !)• 

44. Find the area between the curve y—c^x\ the .?’-axis and the 
ordinates at .r=l and x=b (b>l). To what value does the area 
tend when b becomes infinite ? 

45. Find the area of the ellipse x^la^+y^lb'^= 1. 

[Use the integral proved in § 31, example 7.] 

46. Prove 

j J{2ax - x^)dx =\{x- a)J{2ax - x^) ^ sin”* ^ ^ . 

[Put u^x-a and then use § 31, example 7* 

Or, take V(2cw7~.r‘**) as the ordinate of a circle, referred to a 
diameter and the tangent at one end of it as coordinate axes.] 

47. Evaluate the following integrals : 

(i) jf - 3 + 4r - x'^)dx ; (ii) jf - 3 + 4r - ; 

(iii) s/{-ab-h((i + b)x--x^}dx ; (iv) J^Xy/{-ab-h(a-j'b)x-x^}dx. 

48. Deduce from § 31, example 7, that 

5* ®*"”‘ (a) 

49. Show that the area bounded by a curve, the y-axis and the 
lines y— a, y~6, parallel to the or-axis, is given by 

iW- 

[If z denote the area FGBK (Figs. 13, 14) prove dzIdy^KP^x.'] 

60. Find the area between the parabola y*=4ar, the y-axis and the 
liney=A. 



CHAPTER VIL 

INTEGRAL AS LIMIT OF A SUM. SIMPSON'S RULES. 

33. The Definite Integral as the Limit of a Sum. There 

is another point of view from which the definite integral 
may be considered ; to illustrate it, we take the following 
problem. 

• 

A straight lino AB (Fig. 16\ of length is divided into n equal 
parts and each part is multiplied by the .square of the distance from A 
of that end of the part which is nearest A ; find the sum of the n 
products, and the limit of the sum wlien n becomes infinite. 

Let MN be one of the parts, being the point of division ; then 
AM~ra/n^ MN^ajn anc^ AM^ . J/A’, the term of the sum arising from 

the part JLV, is 

The sum required, 8 say, is therefore 



The sum (1) is written more compactly thus : 



The symbol 2, read “ sigma,” is the Greek form of capital 8 ; the 
whole symbol, read “sum of ~ from r=*0 to r=n — 1,” is to be 

interpreted as meaning that we are to make r equal successively to 
0, 1, 2, ... n - 1 in the expression f— ) • - and then add the terms so 
obtained. ^ ^ 

It is proved in any text-book of Algebra (and is easily verified) that 
l*+2*+32-h...+(n-l)2«i(n-l)n(27fc-l). 
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But ^-{12 + 22 + 3*+... +(7t-l)2}X~3, 

BO that 

and therefore the limit of S when n becomes oo is Ja*. 

Suppose now that each part, as ifA, is multiplied by the square of 
the dist^tnce from A of that end of the part which is furthest from A, 
as AN^ ; we find instead of f2) 

<’> 

and the limit of 8' when n becomes oo is Ja®, the same value as before. 

It is worth noting that we shall obtain the same limit if we take, for 
each part, tJn^e distance from A of any j)oint in that part ; because if, 
for example, L is any point between j/and N the quantity AL^ will 
lie between AM^^ and AN\ and the sum will therefore lie between 8 
and 8\ Since 8 and 8' have the same limit, the new sum will also 
have that limit. 

We shall now obtain the above limits in a different way. 
Let AM^x, AN^x+8x\ then Sx^MNzsiajn, and (2), 

(3) become 

x=sa-a/n *=*« 

S= x'^Sx (4) ; S' = S (5) 

j;a:0 x=s^ajn 

It is to be understood that the valuers to be given to x in 

(4) and (5) are the distances from A of ^ho successive points 
of division ; in (4) the first value of x is 0. and the last 

= — while in (5) the first value of x is 
AA^^iajn and the last AB=a, In each term Sx=aln. 

Now draw, with A as origin and AB as tr-axis, the 
palrabola y^x\ and at the points of division oi A B raise 
the ordinates. Complete, for each part into which -AB is 
divided, the two rectangles, such as MNRP, MNQS (Fig. 16). 

Wa now interpret the sums (2), (3) or their equivalents 
(4), (5) geometrically. 

The sum (4) is the sum of the inner rectangles, such as 
MNRP\ because whenta3=^if we have x^^MP and 
xHx^tbcAu MNRP, and a similar interpretation holds 
for every term in (4). 

The sum (5) on the other hand is the sum of the outer 
rectangles, such as MNQS ; because in this case a part such 
as MN is multiplied by AN^, and therefore, for the part 
MN,a?8x^Am.MN^NQ.MN^xQcA,. MNQS. 
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Obviously the sum of the inner rectangles is less, and the 
sum of the outer rectangles greater, than the area ABDP 
bounded by the curve, the ir-axis and the ordinate BD, 
Hence S<area ABDPc^tS^ (6) 



Now, the difference S'— is simply the sum of the 
rectangles such as PRQS ; this sum is, as may be seen by 
sliding each small nictangle horizontally into the rectangle 
An^iBDiy, ecjual to, that rectangle. But rect. An^xBDlfx^ 
equal to a^/72, because BD — a^ and Au^iB^ajn ; so that 
S'--S=a^/n, Hence when n becomes infinite, the limit of 
S' ^8 is zero. 

Again, the differences, area ABDP'^S and S'— area 
ABDP^ are each less than S'— S, so that when n becomes 
infinite the limit of each of these diflerences is zero ; in 
other words, the limit bpth of S and of S' is the area 
ABDP, 

Therefore, expressing the area as an integral, 

a:s»a-o/n Ca 

L 2 x^dx^h 2 

n=soo xstQ •'0 n*30O 9saia/n 

Since the value of the integral is \a?, we find the same 
result as before. 

As before, it is plain that, ao far as the limit is concerned, 
we may suppose x in the typical term to be the 
distance from A of any point inMN. 
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The definite integral thus appears as the limit of a 
certain sum, and this mode of viewing it is of great 
im'portance in various applications, as we shall see* The 
passage from the sum to the integral has been effected 
by considering the factor {rajnY (or x^) of the term 
cb 

— j • ^ (or x^Sx) as the ordinate of a curve, and the term 

itself as the area of a rectangle which is approximately 
equal to a strip of the area between the curve and the 
cc-axis. Since we suppose all the functions we deal with 
to be representable by a graph, the method applies to all 
cases. 

By considerations that are essentially identical with 
those adduced in this particular case (a full discussion will 
be found in the author’s Calculus, § 131) we can arrive at 
the general theorem which may be stated thus. 

In Fig 13, § 30, let MP — F{x\ MN—^x, then 

x-h 

area ABDG= ^ F(x)Sx approximately (8) 

x^a 


aj=6 

= ^ F{x+Sx)Sx approximately (9) 

xs=.a 


= I F(x)dx exactly. 




In this case, the statements x—a,x = b attached to 2 are 
meant to indicate the values of x for the two bounding 
otdinates ; this meaning tis slightly different from that 
adopted above, but is convenient. 

In (8) the typical term F{x)Sx is MP . MN, the area of 
MNRP, while in (9) the typical term F{X’\-&x)Sx is 
NQ.MF, the area of MNQS\ so far as the limit is 
concerned, the rectangle corresponding to the strip MNQP 
may have for its altitude MP or NQ or any ordinate 
between MP and FQ, The 2 indicates for (8) the sum of 
the inner rectangles and for (9) the sum of the outer. 

The origin of the symbol f ..^,dx for integration will now 
be obvious ; J is a form of the letter " s " and dx is the 
representative of Sx. 
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The method of defining an integral a« the limit of a sum 
is due to Leibniz ; the method followed in §§ 30, 31 is that 
of Newton. 


34. Volumes. In Fig. 13, §30, let the curve CPD make 
a complete revolution about the cc-axis; the curve thus 
traces out a surface. The section of the surface by any 
plane perpendicular to OX^ the axis of revolution, is a circle. 
We wish to find the volume intercepted lK‘tweeu the sur- 
face and the planes through A and B perj»endicular to OX. 

Let V be the volume intercepted between the planes 
through A and M perpendicular to OX, and let iJF t)e the 
increment of volume for the increment MN or of a?. 
Then is greater tlnin the cylindi‘r traced out by rect. 
MNRP but loss than that tracc'd out by rect. MNQS] 
therefore &V'^TrMP^ .Sx but &V c^ttNQ^ 
so that SV/Sx is greater than but less than 


,r(ordinato at xf (1) 

The volume required is tlio integral of ttMP^ from a to 6, 
just as in § 31 the area is the integral of MP from a to 6. 

Wo may also use the method of §33. The volume 
clearly lies b<‘tween • 

^ ir^IPh)X and ^ ttXQ^Sx] 




but the limit of tho-so sums is the same for both, namely 


[ TryHx. *. 

J a 


( 2 ) 

As a rule we need only consider one of the inequalities 
for SV and proceed thus : 

x^h Cb 

voL = ^ vMP '^ . Sx approximately ; vol. ~ 1 TrMP^dx. 


Example. Find the volume of a sphere of radius R. 
The equation of the generating semi-circle is 

and therefore the volume is • 

Examples will be found in Exercises JkX. 

o.i.e. F 
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36. Arcs of Carres. Areas of Carved Sorfooes. When 
the distance between two points P, Q on a curve is small, 
the arc PQ and the chord PQ are nearly equal. We assume 
as an axiom, that when Q tends to P as its limiting posi- 
tion the quotient (arc PQ-^ chord PQ) tends to unity as its 
limit. 

Let the arc CP (Fig. 17), measured from some point C, 
be denoted by « and let 8s or arc PQ be the increment of s 
due to the increment 8x or MN of x. Then 

(chord PQf=PB^+RQ^ = {8xf+{8yf. (1) 

The limit of (chord PQ/8x) is the same as the limit of 
8s/8x; because 

chord PQ _ chord PQ Ss 
Sx ~ arc PQ Sx 

and the limit of (chord PQ arc PQ) is unity. Divide (1) 
by (Sx)^ and take the limit ; therefore * 

V <21 

When dx=MN or PR, then if NQ meets the tangent at 
P Jit T, dy — RT, and 

PT^=PR^+ RT^ = dx^^dy\ 



The second equation in (2) shows that ds — PT. Thus, 
80 far as the limit is concerned, the chord PQ, the ah: PQ and the 
portion PT of the tangent «an be sabstitated for each other. 
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If PT makes the angle ^ with the ai-axis, then i. RFT, 
and we have the values 

tan^=^,co8^=g.8in^=^ (3) 

If P is the position at time t of a point moving along the 
curve CP, its velocity v is 

.7. 

•(*) 


~.T — 

The component velocities are 

dx ds ^ dy ds . 

3e=a'°*^’ iR'ai™”*- 


( 5 ) 


8 is given by the integral 

W 


but there are very few curves whaso length can be ex- 
pressed by means o£ the ordinary functions. 

Let S denote the superlicial area of the surface traced 
out by the revolution of the arc CP about OX (Fig. 17), 
and let SS be the increment of 8 due to the increment Sx 
or MX ; SS is the area trac«Hl out by the arc PQ, but in 
finding the limit of SS/Sx we may take cither the chord PQ 
or PT instead of thc^arc PQ. 

The area of the surface of the conical frustum traced out 
by PQ is ir(MP+NQ ) . PQ ; therefore 

g = ,(»+A’«).^-x(2J/i>+K0)g. 

^=2-^MP . i or <18= 2TrMP . ds (7) 

dx dx 

Note that dS^^iryda, not iirydx. 


Example, Find the area of a spherical cap of height A. ... 
If the radius of the sphere is It the ordinate of the generating circle is 


dy 

dx — ;!?*) * 


dx 




dx dx 
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The area is thus equal to the curved surface of a circular cylinder 
of height A and of raaius equal to that of the sphere. 

Examples will be found in Exercises IX., 14-17. 

36. Simpson's Buies. In many cases a function is given 
by its graph and not by an analytical expression; even 
when the expression is known it is often impossible to find 
the indefinite integral of the function. We shall investigate 
a method for calculating an approximate value of the 
integral of the function when a limited numb(‘r of the 
ordinates of the graph is known ; the integral is repre- 
sented as an area. 



In Fig. 18 let 2/i> Vs - -be the values of the ordinates 
AA\ BB\ CU, ... respectively, and suppose the distances AB, 
BGy ... between consecutive ordinates to be equal, each 
distance being equal to A.* 

Now, wo can determine the constants a, b, c in the 
equation 

y=zax^+bx + r, ( 1 ) 

so that the parabola represented by (1) shall pass through 
any three given points. # We shall therefore assume that 
the three points A', R, G' lie on a parabola ; if the points 
are not very far apart the assumption is usually near 
enough to the truth. 

Let B be taken a^ origin, ana BG, BB' as axes of x and y 
respectively; then A\ S', C' are the points ( — /<, (0, y^, 
{K ^s)* The abscissa of 4" is —A because BA is negative. 



SIMPSON’S RULES. 
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The equation (1) is ivferrcd to the axes just chosen, and we 
apply it to calculate the area ACC' A'. 

Area A CG'A ' = f (cw^ + bx + c)dx = 3c) (2) 

Since the points A\ JS', C' lie on the curve given by (1), 
we liave 

= ah^ — hh + 6‘, y 2 ah^ + hh + c, 
and therefore, solving for c and ali^ (the value of h is not 
needed), we find c^y.,, = J ( 2 /i + //:< — 2 ^ 2 ). Inserting 

these values in (2) and reducing, wi*. obtain 

aim A CiVA'^ lh{y^ + y.^+ 42/.) (3) 

Eciuation (3) expresses the area in terms of i/g, h, 

so tliat tile area can be calculated when these four quantities 
are known. 

If the e((uation <)t‘ the eurv(5 A'B'C' is actually, and not 
merely approx inii^tely, of the form (1), then the value (3) 
is exact. 


'riie student iniiy firove, precisely as has been done for ecpiation (1), 
that if the assumed iMiualioii is 

y - - -f 6.r- + c.r -f- d 

we g(jt the same expi ession (3) for the area. 

We can now g(‘nyralise the result (3), Suppose the area 
A HIM' A' to be divided into an even numlM*r, 2n, of strips 
by an odd number* 2n + l> of equidistant ordinates. The 
formula (3) may be applied in succession to the n double 
strips. If S is the sum of the u expressions W'e find, 

^=V‘(2/i+y3+4’.y2)+i/''('/s+2/6+e/4)+/" ^ ^ 

+ Vf-iVin - 1 + yzn+l + 


= (z/l + + 2(?/3 + 2/6 + • ■ • + .'/2» - 1 ) 

+ ^( 2 / 2 + 2 / 4 '+‘”+ 2 /*<‘)}* •••('*) 


Formula (4) i.s known lus Simpson’s Bulo ; it may be stated 
thus : 

Let the area be divided into an even number of strips 
by equidistant ordinates ; find (i) the sum of the extrem«i 
oidinatcs, (ii) twice the sum of the other odd ordinates, 
(iii) four times -the sum of the even ordinates ; add the 
three .sums thus obtained and multiply this total sum by 
one>third of the common distance between the ordinatea 
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Though th6 rule has been proved for areas it is of course 
applicable to any definite integral, because the integrand 
can Always be represented by the ordinate of a curve. An 
-important case is tliat of the mensuration of solids; in this 
■^case y^, y^, ... are the areas of equidistant sections. 

Equation (3) includes many of the most important 
formulae of mensuration ; in Exercises IX. several of these 
are stated. 

f dx 

Let + v = l/^. Then yi , ^3 - ^11 ^tre the values 

of y when x has the values 1, 1*1, 1*2, ...2 respectively. An eesy 
calculation gives 

Vi +yii = 1 % yz +^6 +yo = 2*7 281 7 46, 

y2+y4+y(j4'y8"f“yio~3*4595394, A=0 693150. 

The exact value of the integral is log« 2, that is, 0*693147. 


EXERCISES. IX. 

1. The volume of a right circular cone is one-third of the base 
multiplied by the height. (Compare examples 3, 4.) 

2. If the area, of a section of a surface b^ a plane perpendicular 
to the X axis is a function of x show, by the same reasoning as in § 34, 
that the volume between two planes perpendicular to the a*-axis is 

j Sdx, the integral being taken between proper limits. 

3. Show that the volume of any cone is one-third of the base 
multiplied by the height. 

[If h is the height, A the base and S the section distant x from the 
vertex, then S iA=x^ : • 

4. If the areas of the ends of the frustum of any cone are A and 

R, and the height of the frustum /t, show that the volume of the 
frustum is .1 + ^(A B) + B}. 

[Complete the cone and let the height of the cone needed for this 
be hi ; then if + height of completed cone, we have 
A : hi^^B : V=t\ say ; A = R- AAg* ; 
vol. of frustum «= J (Xh 2 ^ - J (Ag - A,)(AAi* + -f- XA 2 ^), 

which gives the result, since h^h^-hi, A « AAj*.] 

5. A reservoir has plane sloping sides and ends ; the top and 
bottom are horizontal rectangles of sides a, b and a\ b' respectively 
and the depth is A. Show that the volume is 

J A {a6 a'b' 4* {a + a') (^ + }• 
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6. The volume of a spherical cap of height h is J/*), the 

radius of the sphere being R, 

rn 

[The volume is j ; see example of §34.] 

j/t-h 

7. A prolate spheroid is the surface geuei*ated by an eHipse which 
revolves about its major axis ; an oblate spheroid is the surface 
generated by an ellipse which revolves about its minor axis. If the ' 
major and minor axes are 2a and 2b respectively show that the volume 
of the prolate spheroid is §7rab'^ and of tno oblate 

8. The tore or anchor-ring is the surface generated by a circle 
which revolves almut an axis in its piano, the axis not intersecting the 
circle (though it luay be a tangent to it). If a is the radius of the 
circle and c the distance of its centre from the axis, show that the 
volume of the tore is 2vWc. 

[Let the equation of the circle be c)2=»a® the .r-axis being 

the axis of revolution and the y-axis passing througn the ccnti*e of the 
circle. If OM^x and if the perpenuicular to the .r^axis from M cut 
the circle at I\ and then 

MPi ss c - -.r®), J//*2 aayg 

vol. = 2 j .7r(y./ - y\)dx « Sire dir. 

The integral is the area of a quadrant of a ctixrle and therefore equal 
to [Tra-.] 

9. The volume intercepted between the plane through 

perpendicular to th6#jr<axis, and the paraboloid generated by the 
revolution of the parabvla about the x axis is 2ira^*. 

10. If, in example and if the values of S are 

iS'j, aS'j, Sj^ respectively when x has the values ~ 0, show that the 
volume r bounded by Che surface and the sections is given by 

[This is the form of Simpson’s Rule for a solid corresponding to that 
in ^ 36, equation (3), for an area.] 

11. Apply example 10, that is Simpson’s Rule, to obtain the values 
in examples 1, 3, 4, 5, 6, 7, 9. 

12. If di is the head diameter, the bung; diameter, and h the 

depth of a cask, show that when the curve of the cask is a parabola 
the volume is ' 

12 

When the upper and lower halves pf the cask are equal frustums 
of a paraboloid of i*e volution, the greatest bases being joined in the 
middle of the cask, show that the volume is 

[A paraboloid of revolution is the surface generated by the 
revolution of a parabola about its axis ; see example 9J 
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13. If + and if the values of y are yi, y^ y^ 

respectively when x has the values -fA, -|A, M, ^A, show that tte 
area bounded by the graph of the ^-axis and the extreme ordinates 

, tA^i+?'4+3(y,+y3)}- . , 

[In this case the area is divided into 3 strips by equidistant 
ordinates, the common distance being A ; the result may- be extended 
as in § 36. The rule obtained from this result is known as Simpson's 
Second Buie ; but it is not much used.] 

14. Show that for the semi-cubical parabola 

ds //- , 9.r\ 8a/, . 8a 

*=27(^+4^j 

the arc « being measured from the origin. 

16. Show that for the parabola y^ — 4ax, 


S=V('"l)' 


ds 

dy 




and that the surface of the portion of the paraboloid of example 9 up 
to the plane there mentioned is 

j 47r y/a y/(x -{’Ct)dx—~ {a^ (a + hy - a^}. 


16. Show that for the parabola y^:t^lp 


ds If. . 4.r2\ 2.r‘^ 


. 

«== A' 4- 3^2 approx., 

the arc being measured from the vertex. 

Show also that the length of the arc from tne veitex to the point 
(A, c) is approximately ^2 

b + h,- 


[Since (6, c) is on the jiarabola, c — h-jp or ; putting h for x 

and h^jc for p in the value fpund for we get the result. This 
approximation to the arc is often used in mechanics.] 

17. Show that for the ellipse x^la^+y^lb'^= 1, e being the eccentricity, 
so that b=a^(l -«*), * _ 

dx~~ 

and that the surface of the prolate spheroid (example 7) is 
2 ^ 27ry^dx=4it^(l-e^)j^ yj{d^’-e^a^)dx 

= 2«i*| 1 - e* + 

[Note that (" V(«* - ^D^)dic- 

and apply example 7, § 31, where a has to be replaced by a/s.] 



CHAPTER VITI. 

APPLICATIONS TO MECHANICS. 

37. Centroids. First Moments. \Vc now consider some 
applications to ALichatiics and bepn with ci^ntroids. 

It is shown in works on Mechanics ll\at the a; coordinate, 
X say, of the centroid of n particles of niassi‘s ?»,, in,,, Wn 
situated at points . whose a’-coordi nates are iCj, a*2, ... rrn 
respectively, is givtui by the ecjuation 

VlyT^ + ./•2 + . . ‘ tv^n _ 

There arc similar e;cpressions for v/ and c, the y* and the 
2 :-coordinatt\s of the centroid. 

The centroid of A volume, area or line is tin? centroid of 
a mass of unit diuisily occupyiiijLC th<* volume, area or line. 

Other names in common u.sr ior the ci*ntroid are : centre 
of inertia, centre of gravity. The sum is olten called 

the first moment of the masses. • 

To see how integrals replace sums, take a very simple 
case. 

Example 1. Find the centroid of a thin straight rod of uniform 
density and thickness. 

T^t the length AB (Fig. 19) of tlie rod hp a and the mass of unit 
length k ; then the total mass 31 of the rod is Ad. 


A PQ o 

Fife. 19. 

Divide AB into n equal parts, of which PQ is one. Let AP^x 
; then the mass of P<^ is ASjt, 
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If we suppose th^ mass of PQ to concentrated at P, tbe moment 
of the mass of PQ about A will be x . A&r ; while if we suppose tbe 
mass of PQ to be concentrated at Q^ tbe moment about A will be 
{X’k‘Bx)XZx, We may assume tbe moment to be greater than x. XSx 
but less than (ar+&r)AAcr. 

If X is tbe distance of the centroid from A the moment of tbe whole 
mass M about A is Jfj^, Hence 


Mjb > 2 but Mx <^{x-{‘Sx) A&r. 

But when the number n of the paits, such as PQ, into which the 
rod is divided, becomes infinite each of these two sums converges to 
the same limit (§ 33), namely the integral from 0 to a of x\dx' 

SO that x^ia» 


In this and similar cases it is sufficient to consider only 
one of the inequalities and to write 

Mx =s XxXSx approx. ; Mx = 1 xXdx. 

do 

In practice the differential dx is frequently used instc^ad 
of the increment Sx ; we shall however adhere meantime to 
the notation of increments. 


Example 2. ’ Find the centroid of a thiif* plate (or lamina) of 
p V. uniform density and thit‘kness, the plate having 

the shape of a quadrant j)f a circle. 

Let a be the radius of the plate and o* the 
mass of unit area ; then *6116 mass M of the [)late 
is \v(rd^. 

Divide the plate into narrow strips like MNQP 
(Fig. 20); we may suppose the mass of the 
strip to ‘be concentratea at the middle point 
of MP. 

A Let OM^x, MN^ hx, MP^y = - x^\ The 

mass of the strip may be taken as cry hr and 
the moment of this mass about OA is or ^a-y^Bx. lienee 

y is given by 

*SB« I'm 

= approx.; I 

*rsO 4 

But and therefore by integration 



MN 
Fig. 20. 




4a 

*3?r’ 


so that 
since 


- 4a 
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In the same way, or from symmetry, ve see that 

The student may show that the integi'al is Uie same if we suppose 
the elementai'y mass to he irXQ,I/Jv, concentrated at the middle 
point of NQ. 

Example 3. Ptdve the following theorems ; 

(i) If an arc of a plane curve revolves about an axis in i^ plane 
which does not inteinsect it, the surface generated by tl»e arc is ecjual 
to the length of the arc multiplied by the length of the path of the 
centroid of the arc. 

(ii) If a plane area revolves about an axis in its plane which does 
not intersect it, the volume generated by the area is eipial to the area 
multiplied by the length of the path of the centroid of the area. 



Take OX (Fig. 21) as the axis of revolution and let 0 lie the fmint 
on the closed curve CP DU nearest OF, and I) the |K)int furthest fi*om 
OF Denote by any ordinate MP ^ol the arc CPDy by y.^ any 
ordinate MIf of the arc VHDy by the arc CP imd by the arc 67/, 
Ssi and 8^2 being the increments PQ and UK rcsjiectively of these 
arcs. The lengths, of the arcs 67V/, CUD may be denoted by /j, ^2 
respectively. ’ 

The ordinates y,, ^3 of the centroids of the arcs CPD, CUD and 

the closed curve CPDU^ve given by the equations 

But the area of the surface generated by the arc CPD is (§ 35) 

which by the first of the above integrals is equal to that is, to 

the distance 2iryj travelled by the centroid of CPD multiplied by 
the length of the arc CPD, 
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Similarly the theorem is proved for the arc CHD and for the closed 
curve CPJDH, 

Next, to find the ordinate y of the centroid of the area bounded by 
the. curve CPDH^ we may take the strip HKQP as the element of 
area and suppose it concentrated at the middle point of HP, The 
area of the strip is (yi-y>^^ approximately, where 
and the moment of £be strip about OX is 

tiiat is. hW-yi)^- 

fOii 

Therefore y x area CPDH= / ^ ( y i* -- y2^) dx. 

JOA 

But the volume generated by the area is equal to the integral 
multiplied by 27r (§ 34), that is, equal to 27ry x area CPDIJ. 

These theorems are usually known as the Theorems of Pappus. 

Example 4. If the centroid of a plane area 8 lies on the .2 -axis, 
show that fydS taken over the area is zero. 


If the area is divided into ?i small portions, of which 8S may be 
taken as a type, and if y is the ordinate of any point in then the 
moment of oS about the .r-axis is y8S approximately and the moment 
of the area >V is ^y8S approximately, where thlj summation includes 
all the n portions like oS, The moment of the area is the limit of 
when n becomes infinite and each of the portions converges at 

the same time to zero. This limit is denoted by the integral JydS, 
But if y is the ordinate of the centroid of the area we have 
Sy = fjdS. ^ 

If the centroid lies on the ^-axis then^-0, and therefore the 
integral is zero. 

Conversely, when j ydS is zero the centroid lies on tlie .r-axis. 

Similarly, if we take 8 V as, an element of volume the y-coordinate of 
the centroid of the volume V is given by 

Vy=fydV, 

where the integration extends throughout the volume V. 

As a rule double integration (§ 70) is required for the evaluation of 

jydSy but in simple cases double integration can be avoided. Thus, 

in example 2, So? and only simple integration is needed ; similarly, 
in example 3, 8S—{yi‘-y^8x. 


38. Centres of Pressure. intensity of pressure (8 25, 
example 2) at the depth x feet, in a heavy liquid of uniiorrn 
density p pounds per cubic foot, is (Po+px) pounds per 
square foot, beini^ the intensity of pressure at the free 
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surface. In our examples will be neglected, since the 
effect of can be easily estimated without integration ; 
contributes to the thrust on any plane area, S square feet, 
the amount pounds, this force acting at the centroid of 
the area. 

The thrust on one face of a plane area, S squai*e feet in 
extent, placed horizontally at the depth x feet, is simply 
pxS pounds acting at the centroid of the area. If tlie area 
IS not horizontal the intensitj^ of the pressure is different at 
different depths. To find the thrust on the area S in this 
case divide the area into n small TX)rtions, the area of one 
portion being SS. If the depth of any point in SS below 
the free surface is x feet the thrust on tiS is approximately 
pxSS pounds, and the thrust on the whole area S is 
approximately ^pxSS, tlu^ summation ^ including all the n 
(dements SS. The limit of 'EpxSSy when n becomes inffnite 
and each element SS converges to zero (that is, the integt*al 

|/>.rcZS) is the thrust on the area S, 

To find the point in the area, called the centre of pressure, 
at which this thrust, or resultanf- piessure- force, acts take 
moments about two'lines in tlu^ plane of the area as in the 
following examj)les, * 



Example 1 . Find the centre of pressure of a rectangle whose plane 
is vertical, one si<ie being parallel to the free surface. 

I^et ABCD (Fig. 22) he the r^tangle ; AD^h ; h the depth 

ol A B below the surface, to which AB\^ parallel. 
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Divide the rectangle into narrow strips by lines parallel to A and 
let The area PQSR^BS-aSx; tne thrust on PQSR 

is 0(4+ 4 ?) a &r approximately, and therefore the thrust P on the area 
A BCD IB n 

/ p(A-hx)adx=pabA+^pab^. 

Let X bo the depth below AB of the centre of pressure and take 
moments about A Is. The moment about A ^ of the thrust on PQJSR 
is X. p(h-^x)aSx, and therefore the moment about AB of the thrust 
on ABCD is 

4? . p(4 + x)adxy or paj^ {kx + .z^)clx, 

which is equal to ^pab^h-^^pal^. 

But this is equal to P x i*, the moment of P about A B. Hence we find 

- ^pah^h + \ pa^ _ 64 + 
pahh-^lpab^ ““ 24 + 6 * 

If AB is in the surface of the liquid, 4=0 and .r=§6. 

It is obvious that the centre of pressure also lies on the line through 
the middle point of A B parallel to AD, 

Example 2. Find the centre of pressure of a triangle ABCy the 
base being in the surface of the liquid and the plane of the triangle 
being inclined to the vertical at the angle 0. 



Let M (Fig. 23) be the middle point of BC ; it is easy to see that 
the centre or pressure lies in x\M. Let AD be perpendicular to ^( 7 , 
PQ and RS parallel to BC, DE vertical, l EDA = B. 

BC^a, DA =4 ; the perpendicular distance from BC to PQ is x and 
from PQ to RS is 8x, 

jP$=|(4 - 4?) ; area of PQSR^^(k - x)8x approx. 


MOMENTS OP INERTIA. 
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The intensity of pi^ure along PQia and the thrust on the 

strip P(:^SR may be taken to be 

prcos0x|(A-jr)&r, or 

Hence the thrust P on the triangle ABC is 

(Ar~^)cf4r«JpoA*eo8ft 

Next, take momenta about BC\ the moment of the thrust on PQSli is 
and therefore the moment of the thrust on the triangle ABCk 

The distance x fi\)m BC of the centre of pressure is therefore 

^2paA®C08 ^ -r J/K<A‘^C 08 

The centre of pressure is therefore the middle pi>int of AM; iU 
position is independent of the inclination ft 

39. Moments of* Inertia or Second Moments. If Ty r^, ... 

Vn are the distanccH from an axis OR of n particles of 
masses m^, ... vin respectively, the sum 

m + . . . + mn^i^ =» Sm?"* (1 ) 

id caII(Hl the moment of inertia of the set of partxeles 
about OR. 


Tlie moment of hiertia of a continuous body is obtained 
by supposing it to* be divided into a large number n of 
small pieces and finding the limit, for n becoming infinite 
while eacli of the n pieces converges to zero, of the moment 
of inertia of the n piecea The anm (1) is then replaced by 
an integiul. If dmg, ... are the masses of the small 
pieces and r^, ... the distances from the axis of any 
point in tlie masses ... respectively, the moment 

of inertia about the axis is the limit of Sr^dm and is given 


by the integral 

taken between proper limits. 

If the total mass of the system is M, and if k is chosen so 

the quantity k, which is of the nature of a leng^, is called 
the radius of gyration of the system about the axi& 
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We shall suppose the bodies treated to be of uniform 
density. When the density is taken equal to unity the 
masses may be treated as volumes, areas, or lines ; in this 
case the moment of inertia is often called the second moment 
of the volume, area, or line about the axis. 

The symbol I is generally used to denote a moment of 
inertia ; if M is the maas of the' system and k the radius of 
gyration about an axis, then / = Mk^ for that axis. 

The work of finding moments of inertia is greatly 
simplified by the following theorems ; the proofs are very 
simple (see any text-book of Mechanics). 

Theorem 1. If OX^ OY, OZ are three rectangular axes, 
and if /*, ly, Ig are tlie moments of inertia about OX, OF, 
OZ respectively of a plane lamina lying in the plane XOF, 
then 

Iz = Ix~{' I y 

Theorem 2. If Ir is the moment of* inertia about any 
axis OR, Iq the moment of inertia about a parallel axis 
through the centre of inertia 0, a the distance between the 
two axes, and M the total mass of the system, then 

Ir—Iq+Mcv^, 

Example 1. A thin straight rod of unifori^ density about an axis 
through one end perpendicular to the rod. 

Let AB (Fig. 10, p. 89) bo the rod, and take^the same notation as in 
§ 37, example 1. The mass of PQ is XBx and the moment of inertia of 
this element may bo taken to bo A&r. Hence for the moment of 
inertia I of the rod we liave ^ 

so that h—O'blla. 

The moment about an axis through tho middle point of the rod 
perpendicular to the rod is ^Ma\ as may be proved either by in- 
tegration or by Theorem 2. 

Example 2. A uniform reclJlingular lamina about an axis through 
its centre parallel to one side. 

Let the lamina be A BCD (Fig. 22, p. 93) and let the axis be parallel 
to AD \ A/?=a, AD—h. Divide the lamina into narrow strips like 
PQSR ; if is tho mass of PQSlftho moment of this mass is, by 
example 1, The moment of the whole mass M is therefore 

Similarly, the moment about an axis through its centre parallel to 
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AB is y^^,Jfy and therefore the moment about an axis thix>ugh its 
centre perpendicular to its plane is, by Theorem 1, 

The moment of a uniform rectangular parallelepiped (a brick or 
cuboid) whose edges are a, by c about an axis through its centre parallel 
to an edge, the edge c «aj) ia ^ 

where M is the total mass of the para}lclepi[)ed. To prove this result, 
divide the paiallelepiped into thin slices by planes {icrpendicular to 
the edge c. The moment of a slice is 

A ^ (oiass of slice), 

so that the required moment is 

Exam^e 3. A uniform circular lamina of nidiiis a about a diameter. 

Let JCOX be the diameter, F'OF the perpendicular diameter and 
/*, 4 the moments about 0A\ OFy Oa respectively, where OE is 

perpendicular to the plane of the lamina. It is clear, from symmetry, 
that 4^4i and therefore (Theorem 1) /,— i4' 

To find 4» divide t^ie lamina into nairow concentric strips. Iho 
mass bm of the strip bounded by circles of radii x and x-f may be 
taken as 2?nrA’&r, where rr is the mass of unit area of the lamina. The 
distance from OZ of each point of the strip may bo taken as J7, so that 
the moment of 8m is a?* . 27r<T.r8.r or 27rcr.i’^8.r. Hence 

4=- ^ 27r<r,t^dv=^jt7rtra’*-^^3fa^ 

where J/ is the mass of the lamina. Therefore Tx^\Md^ and 

Example 4. A spheni? of uniform density about a diameter. 

Divide the sphere into thin slices by planes per'[>endicular to 
the diameter. The mass 8m of a Kli(!e distant x from the centre of the 
sphere is Trp(a^ -- x^)8x, where n is the density and a the radius of the 
sphere, and Sx the thickness or the slicA Tlio moment of this circular 
lamina about the diameter of the sphere is, by example 3, Ji7^)8m, 

that is ^p(a^-x^y8x, Jlence for the moment of inertia 1 we have 

/= iwpf" (a® - x*y‘dJ! = Jtt/j . } 
where if = ^pa% the mass of the sphere. 

Example 5. Bending moment 

In the usual theory of the bending of beams the intensity of stress 
at any point of a section of the beam, made by a plane perpendicular 
to its length, is of the form ExjR^h&vs It is the radius of curvature 
of the curve into which the beam is "bent, A* is a con.stant, and x is the 
distance of the point from a line in the section called the neutral axis. 
The stress across a small section 8i4 containing the point is ExbA/R ; 
this stress may be resolved into a force ExBA/R acting at a point in 

Q.LC. Q 
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the neutral axis, and a couple Ex^AjR, Summing these over the 
area A of the section we find as the resultant of the stresses : s 

(i) a force, ^'2xSA ; (ii) a couple, 

It K 

For pv/re flexure the force is zero, and therefore is zero ; 

the ceiMbroid of the section will in this case lie in the neutral axis 
(§ f37, example 4). The stress thus reduces to a couple where 
is the .second moment of the area A about the neutral axis. 
Tnis couple is equal numerically to the bending moment of the applied 
forces. El is csuled the flexural rigidity of the beam. 

40. Work Uone by an Expanding Oas. Suppose the gas 
to be confined in a long rigid cylinder closed at one end 
and fitted with a piston which is free to slide, the cross 
section of the cylinder being constant, equal to S square 
feet. Let the intensity of pressure be p pounds per square 
foot. 

The work, SW say, done by the gas, in pushing out the 
piston a small distance to feet is, approximately, pSto foot- 
pounds. But S&x is equal to to, the increment of the 
volume u Hence dTf=pto approximately; taking the 
limit for to converging, to zero we fin(j^ 

rlW 

dw=pdv. ( 1 ) 

The work done in increasing the volume from to is, 
in foot-pounds, r., , 

^ . W=\pdv. (2) 

If the gas is compressed from volume to volume Vf. 
the integral (2) gives the work required to produce the 
compressioa 

Equations (1) and (2) hold whatever be the form of the 
containing vessel, the walls being flexible in whole or in 
part; but the proof need not be given here. The work 
done is represented by the area between the graph of p, 
the v-axis, and the ordinates to the v-axis at and 

The three equations connecting p, v, and the aiadute 
temperature t are. 

(i) (ii) 2W=<7 j; (iii) pvr 
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PquatioB (ii) holds for isothermal expansion, equation 
(iii) for adiabatic expansion. The constants (7^, are 
difierent from one another. 

For air at 32® F. or 493® absolute temperature, v being 
the volume in cubic feet of one pound of air and p the 
pressure in pounds per square foot, we have 

(7i = 6318, 0^«26220, y«r404 

Tlieae values are taken from Prof. Ewing’s treatise on 
the steam-engine* ; the al^solute temperature is obtained by 
adding 461 to the Fahrenheit temperature. 


Example 1, One pound of dry air at volume and (absolute) 
tempeiature t . expands adulmtiealiy to volume , fmd the work 
done and the change in temperatuie 
By equation (2), since we have 



If we put piVi^ for in each of the fractions in (3) we get 




P\^h 

7-1 



(4) 


where the nitio ®f ex|unsion. 

If in the first of the fractions in (3) wo put p^v^ for C,, and in the 
second for we fiitd 


r-1 ' 


.(5) 


If T 2 is the temperature at volume we have PiV^^CxT^y by (i); 
also p^v^ ^ and therefore by (5) ^ 


ir= ’■a. 
7-1 


( 6 ) 


Suppose Ti=6ei(200'’ F.) and »j=2», ; then from (4) and (eX «>nce 
p.'ff. ss CiTi, we have 

lf«21240, T,-Ta«161. 


The work done is therefore 21240 foot-pounds, and the temperature 
has fallen lOr ; the temperature has fallen from 200* F. to 39 F. 

If the air at 39* F, were compressed adiabatically to half the volume 
the work required to produce the* compression would be 21240 foot* 
pounds, and the temperature would rise to 200* F. 


* The Steam-Engine and other Heat- Engines, By J. A, Ewing. (Cam- 
bridge : University Press. ) 
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Example 2. If the expansion described in example 1 is isothermal, 
find the work done. 

In this case pv—G^ and equation (2) gives 

w =1'%^ log. log. R. (7) 

Suppose Tj — 500(39” F.), so that i2=2 ; then 

ir=53*18 X 500 X log, 2=53*18 x 500 x 0*6931 = 18430. 

The work done in this case is therefore 18430 foot-pounds. 

EXERCISES. X. 

1. Show that the coordinates of the centroid of a plane lamina of 
uniform density in the shape of a quadrant of an ellipse whose axes 
are 2a, 26 are given by _ 

X = 4a/3:r, y = 46/37r. 

2. Find the centroid of a uniform right circular cone the area of 
whose base is A and whose height is h. 

[The centroid clearly lies on tlie axis. Take a section perpendicular 
to the axis at the distance x from the vertex ;• the ai*ea of tlie section 
is>p^A/A2, and the mass of the slice of thickness 8.v is p being 

the density. Take moments about an axis through the vertex parallel 
to the section ; then 

Mx— f X . dx^iph^A ;%a’=|6.] 

•*0 a * 

3. Show that the centroid of the area bounded by an arc of the 

parabola y^^aXy the a;-axis and the ordinate at the point (4, k) is 
given by x=%h, , 

4. ACB is a semi-circle of radius R\ 0 is the middle point of the 
diameter ABy and G is the middle point of the arc AB, Show by the 
theorems of Pappus that the centroids of the arc and the area lie on 
OG at the distances from 0 given by 

« = — for the arc ; y = ^ for the area. 

TT OTT 

6. Show that the surface of the tore (Exercises IX., 8) is 
and that the volume is 27rWc. 

6. A triangle ABG has its vertex A in the surface of a liquid and 
has its base horizontal ; M is the middle point of the base BG. Show 
that its centre of pressure i#at H where AH^^AM. 

7. One of the parallel sides AB oi b. trapezium ABCD is in the 
surface of a liquid; if AB—a^ DG^hy and if the perpendicular distance 
between AB and DC is A, show tlmt the centre of pressure lies on the 
line joining the middle points of AB and DCy and that its perpen- 
dicular distance from AB is 

a+36 h 
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Deduce from this result the position of the centre of pi'essure (i) of 
a parallelogram with one side in the surface, (ii) of a triangle witn its 
base in the surface, (iii) of the triangle of example 6. 

8. In example 1 of § 38 show that, when h is large compaitd with 
h, the centre of pressure all but coincides with the centroid of the 
rectangle. 

9. If in example 1 of Si38 the depth of the centroid^ of the 
rectangle ABC!) is and the depth of the centi’c of pressui'e y, and if 
the rectangle is lowered so that the new depths of the centroid and 
the centre of pressure are and j respectively, .show that 

_Ag- — 

A" 

10. A plane area is iinmei’scd vertically in a ]i(|uid so that the 
depth of the centroid (r of the area is Aj ; show tliat the depth y of 
the centre of pressure is given by 

wdiere I is the second moment of the area about the horizontal 
through G. 

Apply the result to show that the equation of example 9 holds for 
any plane area, z and A 2 * having the same meaning as in that example. 

Find the moments of inertia in the cases given in examples n-19, 
the density being supposed uniform and the mass being M in each case. 

11. A circular lamina «f radius a, about a tangent. 

12. A circular lamina ef radius o, about an axis through a point on 
its circumference perpendicular to its plane. 

13. A sphere of radiul o, about a tangent line. 

14. A sphere of radiu^f a, about an axis dista!\t c from its centre. 

15. A rectangular lamina of sides o, h, about an axis through the 
middle point of the side <i perpendicular to its [dane. 

16. A right circular cylinder whose# Ijcight is A and whoso cross 
section has a radius (i) about the axis of the cylinder, (ii) about a 
diameter of one of its circular ends. 

17. A hollow circular cylinder, about the common axis of the tw'o 
bounding surfaces, the inner and outer radii of a cross section being 
a and b respectively. 

18. A right circular cone whose height is A and whose base has 
a radius a, (i) about its axis, (ii) aboiS an axis through its vertex 
perpendicular to the axis of the cone. 

19. A triangular lamina of height A, (i) about its base, (ii) al^ut an 
axis through its vertex parallel to its base. 

20. Show that the flexural rigidity (the stiffness) of a beam of 
rectangular cross section is proportional to the product of the breadth 
and the cube of the depth. 
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21. The pressure of one pound of saturated steam at 347* F. is 
130 lb. per sq. in. and the volume is 3*44 cub. ft. Find the workkdone 
in an adiabatic expansion that doubles the volume, and the fall in 
temperature, (y « 1 *135.) 

22. Find the work done in suddenly compressing one pound of 
dry air, oriflpnally at 32* F., to three-quarters of its original volume ; 
state alao the temperature immediately after compression. 

23. One pound of dry air at volume V|, pressure pi and (absolute) 
temperature Tj, is subjected to the following process : (i) it expands 
isotnermally to volume % taking in heat and doing work ; (ii) it 
•expands adiabatically from volume doing work at the expense of 
its internal energy, till its volume has become and its temperature 
Tg ; (iii) it is compressed isothermally at temperature from volume 
Vg, worK being spent on the gas (or negative work being done by the 

f jas) till its volume has become % being on the same adiabatic as ; 
iv) it is compressed adiabatically till its volume has become v^. Find 
the total work done by the gas, the work done during compression 
being considered negative ; show that the work is represented by the 
area pounded by the two isothermals and the two adiabatics. 



CHAPTER IX. 

DIFFERENTIATION OF DIRECT TRIGONOMETRIC 
FIINCrriONS. 


41. Trigosometric Limit. When an an^le ia small, say 
less than 5", the sine of the angle is approximately equal to 
the number of radians in tlio angle. Even for an atigle of 
10°, the error in taking the number of riulians for tho l^ine 
is just a little greater than J per cent. For, - I * 

10 degrees=0T745 radians, sin 10° = 0T736, 
percentage error = qTJYsg ^ 

In the languagt* of limits, this fact is expressed as 
follows : if 0 is the number of radians in an angle 


f sinO 

ho~e - 


( 1 ) 


We shall show that this limit is equivalent to another 
limit already assumed (§35), namely that 
the limit of the quotient (chord -r- arc) i^ 
unity when the arc converges to zero. 

Let the radius OA (Fig. 24) of the 
circular arc AB he r, and let the ^gle AOB 
be 6 radians ; then, O 

chord AR= 2r8in ^9, arc AB<Bsr6. 

But sin 0=2 sin ^0 cos J0,»and therefore 



chord Ag_ 2sm 10 _ 8in0 ^ 1 

arc'AB 0 ~ 0 eoB0 
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Now, when the atq AB converges to zero, the angle 0 
also converges to zero and cos |0 converges to unity. 
Hence, if the fraction (chord AB-i-arc AB) converges to 
unity, so does sin d/ft 

The discussion is made lather simpler by taking the angle AOB 
to bo in this case the fraction (chord AB-i-axc AB) is equal to 
sin 61$. 

If D is the number of degrees in the angle AOB, then 
r, 180 8 ini)_ X sind 

1F“180' d ’ 

and therefore L ^^ 77 ^= 1 ^- (2) 


Again, 


tand _ dn d 

d ~ d ^ cos d’ 


and therefore 


^ tand 
s=o d"' 


(3) 


Note. Unless the contrary is expressly stated, angles 
are measured in radians. 

If the student is to do satisfactorY work*’ in diflFerentiating and 
integrating circular functions he must bo quite familiar with the 
formulae mr sin (/( * 5) and cos {A ± B). Tlio following modifications 
of these formulae are important : 

sin A - sin 5=2 sin ^(/l -5)co8^(A +B), 

COS ^ -cos2?=2sin 'J(i5- yl)Rin^(i4 

sin® = J(1 ~ cos2-fi) ; cos®-/! = J(1 +cos 2-4). 


Example 1. Prove 


(i) L 


1 , 


(ii) L — s - 

' fa =0 ^ 


2 sin ( jaSa?) ^ 


In (i) put $ for ^&r ; then ^ tends to 0 when &r tends to 0, and 
therefore ^ 28in(j&r) sind^j 

fa«0 ^ . «=o~^ 


In (ii) put 6 for ; then, as in ^ase (i), 
T 2 sin (Ja&r) _ ^ sin d 

J-i — *• ft" " Li (Z X gx 


=attXl=a. 
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Example % 


We have 


Prove 


<i) L 

XssO 


9\n< ix a 
sill V 


(ii) L 

arssO 


Um hx V 


8in< y.r sing.?; hv a 
sin bx CUV ^fi.r ^ F 


When X converges to zero the hi'st and second factors each converge 
to 1, while the third factor is constant ; the limit is thei'efoi’e hjlu 
In the siime way equation (ii) is established. 

When X is small we may, an approximation^ replace ein<t.r or 
tan ora* by ax \ the ei ror involved in tne approximation, even if the 
angle be as large avS 10^, is only a little greater than | per cent, and 
1 per cent, respectively. On the other hand, when seeking the limit 
fot^o? converging to zero, of the expressions 

sin ax tan ax sin ax 
hx ’ bx ’ tan bx 


we may at once, without affecting the Ibnit^ replace the sine and the 
tangent by the angle. Thus, 

8 U 1 ax sin ax ax 
, bx ^ ax ^ hx ’ 

the limit of the first factor on the right is unity, and therefoM the 
limit of fimax/hx is the same iis that of axjhx. 

Similarly, in examphi 1 (ii), we may pro<?eed thus : 

r 2sin/Jadr) * ^ . 

5x=0 V 


42 . Derivatives of the ^Circular Functions. Tho angle 
ocicurs so freijuenQy in the combination ax + b that 
tlic student should be familiar with the derivatives of 
ism(ax + b), cof^{ax+b\ itm(ax+h) as >vell as tliose of sin a?, 
cos a?, tan .7;. Befon*, reading the^proof he should note the 
remarks at the end of example 2 , § 41 . 

I. Dxsmx = cosx; DxSiii(ax + b) = acoB(ax+b). 

n T sin(a: 4 -&)-sina: 

sin X = L — ^ 

^ j 2 sin(|< 5 x)c(w(.'c+ 

~«x=o w' ■ 

, 2 x|feXcos( 3 :+Jto) 

= L coa(x+yx) 


= cos X ; 
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i),m(»r+6)= 

Sjc^O OX 

— Jj 2 ^in{\a£x)coB{ax+\aSx+h) 

iXsaO Sx 

_ L 2 ^ X co8(aa;«Ha^j? + 6) 

itaeasO 

=acos(aa5+6). 

The value of i)8in(«^+5) may also be found by using § 26 (a). 
Thus» let ?45=cM?*f 6 ; then y==sin (a:*?4- fc)==sin w, and 


II Dxcosxss — Binx; DxC08(ax+b)= — a8in(ax+b). 

n T cos(a;+&c)— cosaj _ cosaj— co8(a:+5a:) 

JJx COS CC — Xi n -**• jLi 5 . 

«UJ=:0 OX ^J.^0 ox 


But C 08 £c — co8(a! 4- Sx ) — 2 sin( J(Sa:)8iti(a! + ^ Sx), 
and the rest of the proof is tlie same as for the sine, 
the same way the value of JDxC 08 (ax+b) is obtained. 


III. Dxtanx&sgec^x; Dxtan(ax+b)ipasec^(ax+b). 
D* tan a: = L 


SxbsO 


In 


L ^ ~ CQp(a; + Sx) sin x 

sxmo Sxcoa(x+&c)coax 

sinfe 1 

iXssO Sx • co8(a: + Sx) cos x 


=8ec*aj. 


cos^aj 

We leave it as an exercise to the student to prove that 
IV. Dx C08ec X = -- cosec x cot x. 

V. Dxsecic=secxtaiix. 

VI. Dxcotxs —cosec^ 


Note. ^ If the angle a; is not a? radians but x degrees, the 
factor*28inQ&B)-i'& cdlrv^ge^to -^/ISO; therefore 

D«8lna!a|~co8a!, Dj^ososss — j^^sinaj, 2)ata..,»= j^sec^. 
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It is the occurrence of the factor ir/lRO that makes the use 
of degrees Sumbrous in differentiation and inti^ration. 

The following exercises are very simple, but the beginner 
will do well to try most of them in order to fix ip his 
memory the values of the derivatives iust obtained A 
careful inspection of the process and results will often give 
useful hints for integration. ‘ * 


EXERCISES XL 


Differentiate with respect to j? 



t. 

sin 2.r. 

2e coa 2.r. 

3. 

8m(2.r+6), 

4. 

co« (2.r + 5). 

5. sin (3 -a*). 

6. 

cos(3-.r). 

7. 

sin (i-^’4* Jtt). 

8. co8(^.i' 4- Jir). 

9. 


10. 

cos (3 -• 2.r). 

11. ain6(.v-“ Jtt). 

12. 

cos 5(.r - ^tt), 

13. 

Hin^(a; + 2). 

14. cos ^( 0 * 4 * 2). 

15. 


16. 

coa (u; -I- b). 

17. sin 2^^ cos .r. 

18. 

coa2.rHin.r, 

19. 

sin m.r coa nx. 

20. sinmxainn.r. 

21. 

tiin (3.r-4). 

22. 

cot (3.C - 4). 

23. C 08 CC (2.r - 3). 

24. 

scc(3r - 2). 

25. 


26. X cos jr. 

27. 

x^ sin .r. 

28. 

x^ cos .r. 

29. Ji»in.r4*co8.i,‘. 

30. 

sin X - .r cos x. 

31. 

lx+\ sin 2 . 1 ?. 

32. hx - \ sill 2.r. 

33. 

|sin 

34. 

cos 3 j? - 1 coa X, 

35. tan x - x. 

36. 

^tan X. 

37. 

Binx 

38. 

39. 

1 sin .i; 

X 

X 


l^siri A 

40. 

1 - cos J? 

^ j sill X - coa .r 

42. 


1 4- cos X 

sin X 4- cos .r 


1 ~-CUSJ?’ 

43. 

2cos.r-f-2.*^sin u?- 

j^coBX. 44. sin 2 a* 

- 2.i;.COS 2.r. 


43. Worked Examples. We shall now work one or two 
examples, illustrating various points. 

Example If y*= sin* (3^+4), 

Here y is a power of a function of x ; denote the base of the power, 
namely '8in(3x'+4), by a siuj;!^ letter a, and then apply §26 (a). 
Thus »= sin {3a; +4). 

^ X ^ » 2tt X 3 cos (3* + 4) * 6 sin (&r + 4) coe (3*+ 4). 
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Similarly we find, for instance, the derivative of cos*4?. 

^ =» X ( - sin ;r) = - 3 cos^.^ sin x, 

dx 

After a little practice, the actual substitution of u will be found to 
be unnecessary. Tliua 

D = 3 cos2.r x ( sin ^) = - 3 cos2.r sin jt, 

D tan*a7= 2 tan x x sector = 2 tan x sec^.r. 


Example 2. Find the derivative of sin {ax-\-h), 

D mi{ax^b) — aQo^{ax-{-h)=:a^m + (1) 

because cos A = sin {A -f ^ir). 

Similarly, 

Z)*sin(cw?+ &)=«/> sin =a^sin ^a.r+64-2^^, 

/>*8in {ax + h) = a^D sin ^ + 2^^ = a^sin + & + 3~ ^ . 

The law of formation is now obvious ; for the*w‘^ derivative we find 

/>’*ain {ax + 6) == a"si n ^ a;r + & + ^ . 

The value asin(aa: + 6+i7r) for the derivative of sin(a.r4*?>) should 
be noted. 

Example 3, If >J{a^ - oF) and ^,=a8in w, find and express 
its value in terms of u. 


"" ® cos Uj ^ cos u ; 

therefore * ^ ^ x = a cos x a cos n ~ a- cos^H. 
au ax au « 

The value may be written 

^ = ^a^{ 1 4- cos 

a form specially useftil for integration. 

Example 4. Find the turning values of 2 sin .r 4-sin 2;r. 
Lety^(.r) = 2 sin jr + sin 2;r ; tljftn 

f{x) = 2 cos A’ 4- 2 cos ^x j f\x) = ~ 2 sin x - 4 sin 2a,\ 

Now, f{x)^2 (cos X 4- cos 2a’) = 4 cos ^ cos 

2 2 

and therefore jf(^) is zero when 

(i) cos^=»0 or (ii) cosg=0. 
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Bestricting ourselves to vAites of x between 0 and Sir, we see that 
equation (i) gives, for 3iP/2, the values ir/2, 37 r/ 2 , 6ir/2, and therefore, 
for u:, the values «-/3, w, 5s-/3. 

Next, /”(!)= -2 x^-4x5^--3^3, 

^(y)— 

and therefore /(tt/^), which is equal to \fSl2 or 2\598, is a maximum 
and /(57r/3), which is equal to -2-598, is a mininuim value of /(x). 

When u7=7r the value of /'(.r) is zei-o, so that /"(x) in this case gives 
no criterion. It is easy to see, however, by examining the sign of 
f{x) for values o( x 9 , little less and a little greater than r, that /'(a?) 
Joes not change sign as x increases through tt. The value /(tr) is 
therefore not a turning value. 

The values of x given by (ii) are tt, 37r...and do not give turning 
values of /(x). 

f(x) is a periodic function, with neriod 2x-, and the turning values 
are of course repeated in eiich periiKl. 


Exmnph 5. A particle is moving in a straight line, and at time t 
its distance x from a fixed point O on the line is given by 
.j.’=acos(n^*f c) ; 

find its velocity v and its acceleration a at any instant. 

W e have •*x—a cos -f c) ; (i) 

therefore * 1 ? = ^^ -7<asin0?^+c) (ii) 


and 


^dv 


(Px 


-7t^aC08(H^-|-c) 


.(iii) 


or (iv) 

From (iv) we see that, at any instant, the acceleration a is pro- 
portional to the displacement x of the particle. The direction of the 
acceleration is towards 0 ; because when x is positive a is negative, 
and when x is negative a is positive. 

The motion of the rmi-ticle is said to be a slmide hamoiilo motion ; 
equation (iv) proves tnat in simple harmonic motion the acceleration 
is proportional to the displacement. 

The acceleration Is greatest (numerically) when 4r»dba, that is, 
when is a multiple of tt ; the velocity is then xero. The velocity* 
is greatest (numerically) when 8in(«JV€)— ±1, that is, when is 
an odd multiple of t/2 ; x and a are then both zero. 

Equation (iv) may be written 

g=-«4,or^+«%-0. (V) 


This equation is called the dilferontlal oquatton of simplo nannonio 
motion; equation (i) from which it ia derived by differentiation is 
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called, in respecfc to (v), the integral of equation (v). The two con- 
stants «, € are the constants of integration. It will be noticed that, 
whatever be the particular values of a and €, we get the same 
equation (v). 

The equation ^y—asinCn^+e) gives rise to the same differential 
equation (v). (Compare Exercises XXL, 56 and 57). 

Eramph 6. A point moves s# that at time t its coordinates with 
reference to two 1*ectangular axes are cos nt^ y — h sin nt ; find the 
gradient of its path at any instant. 

dy dy dv nh cos nt h ^ ^ 

dx dt dt -na sin nt a 

When t^O we have .r»a, y=0; the gradient is then infinite, >!io 
that the point is moving in a direction at right angles to the a. -axis. 
Since dyfdt is positive, equal to w6, when ^=0 the point is moving 
upwards. When t^irjn the gradient is again infinite; but now 
dyidt is negative, equal to and the point is moving downwards. 

When t^7rl2n and 3irl2n the point is moving paralM to the .r axis, 
in the first case towards the left and in the second case towards the 
right. 

Bv eliminating t we find the equation of the path of the point to be 
; the path is thus an ellip.se. Tne motion of the point 
is in fact compounded of two simple harmonic motions of the same 
period at right angles to each other. 

The equation of the line through the centsa of the ellipse parallel 
to the tangent at P (the position of tl^e point %t time t) is 

~^cot*%{. 

^ a 

This line meets the ellipse at 

§ ( - a sin n?, h cos nt) and Q'(a sin nty - h cos nt), 

as may be seen by solving the equations of line and ellipse as simul- 
taneous equations. If 0 is the Centre of the ellipse, then 

OQ s= OQ' ~ sin%^ + 6* cos^/i^). 

The velocity of the point when at P is given by 

V{ (S)* + S)'} C08*«i), 

an<^^8 therefore proportional# to OQ, the serai-diameter conjugate 
EXERCISES. XII. 

Bififerentiate the functions in examples 1-20. 

1. C08*(3;f- 2). 2. 8in^4a?-l). 3, cos*(ajr4'6). 4. 8in"(adf+ft). 

6. Ay(sin4?). 6. >/(^os2r), 7* 8in*d?cos®u?. 8. sin’^^cos^x 
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Ill 


11. 2i?/. 12, 

coa^x co8"a' 

15. tan^(Mf+6). 18. *Han*jr. 

19. j:r**8inV. 20« 

Find the turning points and the points of inflection on the graphs 
of the functions in examples 21-28 j pnly one period of the £iinctiona 
need be considered. Sketch the graphs. 

21. sin2.r. 22. ain’a*. SS. sin^x 24. ces^^r. 

26. cos^t'. 26. cos*.r. 27. tanlr. 28« tan*jr. 

Find the 2nd derivative of the functions in examples 26-35. 

^9. sin^r. 30. coa-or. 31, tanV. 32. sin 5.ir cos 3jr* 

33. cos bx sin 3jr. 34. sin mx sin fix, 35. sin r/u; cos nx* 

Find the derivative of the functions in examples 36-40. 

36. coaiax-^b). Zl. sin®.r. 38. sin*.r. 

39. cos-.i*. 40. cos®.r. 

41. Show that (1 -f.r tan.-*’)/.!? is a minimum when .rM»cosr. Verify 
from the tables that ;a?^0*736 approximately, 

42. JShow that 8invrsin2.r is a maximum or a minimum when 
sin .>•='^(2/3), according as the angle x is acute or obtuse. State the 
angles to the nearest mhfuto. 

43. Show that sin .r(1M-cos .r) is a maximum when x^ir/Z, 

44. Show that the maxim uifl" value uf a sin -f /> cos is + y/(a ^ -f 
and the minimum valuA — 

Solve the problem afso by expressing aainx^hbeoax in the form 
/‘sin (x+0). 

45. Given the length (1) of an arc of a circle, show that the segment 
of which I is the arc will be a ma?^imum when tho segment is a 
semi-circle. 

[If the arc subtends the angle 0 at the centre of the circle, the area 
of the segment is 

This expression is a maximum when 

46. A circular sector has a given perimeter ; show that when the 
area of the sector is a maximum the arc is double tho radius, and that 
tho maximum aim is equal to the square on the radius. 

47. From a given circular shec^b of metal it w required to cut out a 
sector, so that the remainder can be formed into a conical vessel of 
maximum capacity ; show that the angle of the sector removed mvati 
be 2(1 - is/6)T radians (about 66"* 4'). 


9. 

sin:r 

13. tan^a:. 

17. A-^iinlr. 


10. -rV. 
sin**.*: 

14. sec^x, 
18. x^oa^x. 



112 


INTRODUCTION TO THE CALCULUS. 


In eluuiiLpIea 48-S5 find expressing its value in terms of «. 
49« ; J?=aflinw. 

61. ^«V(2<M;--ar2) ; a:=*a(l+sin«). 

®2- t- 7 r (x-i y ( 6 -i) } ■ 

63. ^ ~ - a) (6 - 0 ?)} \ X— a cos^w + siu'-^w. 

54^ -r ; jp=:ftsin%. 

{a-xi 

56- 2=(r+./V'+p'^+®=''‘"*“- 

86. If x^ A cos iit + B sin nt^ show that 

67. Show that each of the equations ,, 

(i) x==A cos (7U + B), (ii) .r = Csin (nt -f D\ 

(iii) .r=i^cos7i^+jP’sia?i<^ 

where A, B, 0^ Z), E, Fhvq constants, gives riig) to the equation 

Sf+A-o. 


58. A particle moves in a circle of radius a with constant angular 
velocity co ; wl^n ^=0, the radius to the particle makes with OX the 
angle c. Show that, if at timcf t the ccjprdinates of the particle are x^ y, 

^=acos((i)^4-€), ?/atea^siii(a)^+€). 

Show also that 

cos (<ot 4- c) + sin {tot + c) = — 

-•^sin (w^4-<)+^ cos(a>^ + €)~0. 

Prove from these equations^that the ao^leration of the particle is 
constant in magnitude and is directed to me centte of the circle. 

59. The coordinates of a point are given by the equations 

x^a(d-smd% *^^a(l^coaS)^ 

where Sir. Show ^t the tang^n^ to the locus of the point 

makes ^th the r/axis im angle Graph the locus. The 

curve is called a o^dold. 
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44 Seriaa for itfaa; and eo««. Wo shall now establish 
the following expressions toe sina; wid cos or. 

'ry 

“”'<(1^+1)? 


3? Olfi 

““'-*-54+6l-7!+-±(2n-l)!’ 


a? 


- ur , X* JO- , . 

'“‘'='-$1+41-61+-* 




4X1 




\2n)V 


error < 


•( 2 tt+ 2 ) r 


The signs are alternately 4- and — , and denotes the 
numerical value of x\ that is, x^x when x is positive, 
blit a?! — —a? when x is negative. The symbol n !, wliere n 
is% positive integer, means the product of the first n natural 
numbers ; for example, 

31«=1.2.3==:6, 4! = 1.2.3.4«24. 

The proof, though somewhat artificial, is very simple and 
depends on the following principle. If f{x) is |) 08 itive and 
“if /(a?) = 0 when tc=s0, then /(a*) is positive when u;>0; but 
if fix) is negative and if /(.r) = 0 when £>'.=: 0, then fix) is 
negative w'hen 

The truth of the principle is established by § 19. Thus, 
if fix) is positive, /(«>) increases as x increases; if /(x)s=0 
when .r=:0, then/(aj) l)oeomos greater than 0, that is, /(a?) 
is positive when x become.^greater than 0. Similarly, when 
fix) decreases from 0 it becoimss negative. 

Note also that if at — fe is positive, a is greater than h \ if 
a — 6 is negative, a is less than 6, tlie words “greater*' and 
“less" meaning algebraically “greater” and “^sa” 

Consider the following sets of functions in which x is, 
for the present, .supposed to bo positive. 

fix) =s sin 0 ? — 05, ^i(^) = cos 05 — ^ 1 — 

ff^x) =S sino? — ^05 — ^ 2 (^) ^ ^1 ~~ *2 

/j(a;) =sm»-(a!-^+|!!), cos a: - (l - ^ + 

We take the fanctions /j(®), /,(»)> ... in turn 

and differentiate. 

(i) /i(fl5) is negatiw, and therefore sina!<®. 
a.i.q. If 
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For, /iX®) — a; — 1 = negative quantity 
because cosai^l. Hence f^{x) is a decreasing function; 
but /](a!) = 0 when «=0, and therefore f-^{x) is negative 
when x'^0. 

* a? 

(ii) F^x) is positive, and therefore C08a5>-1 — 

For, F{{x) =5 — sinaj+aj— positive quantity 
because, by (i), 8ina!-<a!. Hence F-^{x) is an increasing 
function; but Fi(a:)=0 when a!=0, and therefore F-^(x) is 
positive when a!>0. 

. a? 

(iii) f^{x) is positive, and therefore sina:>’a: — g-j. 

For, f^'(x)=eoax-(l-j^=:Fy{x), 

SO that f^(x) is positive, by (ii). Hence /^(x) is an increas- 
ing function; but f^{x)^Q when a;=0, and therefore / 2 (ir) is 
positive when oj^O. 

(iv) F^x) is negative, and therefore cosa:J<l ""“ 2 ’^ 4 T 
For, FjXa;) = - sin x+(x - = -Mx), 

so that F^\x) is negative, by (iii). Hence FJ^x) is a deci'eas- 
ing function ; but F^(x) = 0 whei^ a? = 0, and" therefore F^ix) 
is negative when 

Proceeding in this way, we see thaty 3 (aj) is negative and 
F^(x) positive, so that 

/yiS /ph /yi2 /y»4 ,yt6 

(v) sinaj<a5-|^+^; ^vi) cosa:>l--^+^-^,. 

We thus obtain the inequalities 

a:® . . . x% , 0 ^ 

®-r!<“n«’<*— 3l+r!’ 


- , or ^ . . 

From these inequalities we get the approximations 




sin 05 =* as— 


3 !’ 


error < 


a? 


, a? . * 

1 - 2+41 5 


error <g-j. 
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//«) is positive, because f 4 '(.'c)=jF’s(a!)= positive quantity. 
The inequalities for sin x thus become 

iB® tc* , a? , oc^ 

wKile the approximation is now 

8ina:=a;-gQ4-g-j; error<^-j. 


In the same way we find for cos® 


1 


. X 


;r« 


X^ .X* SP® . .x® 


+r,~.T,<cos*<i-2+4 


2 ' 4! (i! 


qn1 ffA /yi6 ^8 

cosx=l-|+|--|,; error<Jj. 

The general equations sinx and cos a; may now be 
easily established induction, but we shall here omit the 
proof. 

If X IS negativey there is no change at all os regards the 
cosine, because cosx is an even function of# a; and the 
powers of x are all even. As regards sin a?, we have merely 
to interchange the symbols >, < in the inequalities. Thus, 
let a? = — £Ci where is positive ; then 

iti- <sin «1<®1 - a*f+ sT’ 


that is, 
so that 


.3 ! ^ 5 !’ 

CX^ Q(^ 

■a:+g^<-8in«< -*+3]-“5i» 
aj® . . ^ a? ,afi 

*-3l>“n*>®-3l+5"r 


The approximations remain the same, x being replaced in 
the error term by its numerical value x,. 
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It will be noticed that the approximations are alternately 
in excess and defect. By taking n sufficiently large the 
error can be made as small as we please ; because, as is 
proved in example 1 below, the limit of x^ln\ for n becom- 
ing infinite is zero, so that when n is large the error is 
small.' 

The approximations 

sinx — x-^^cc^, coscc = l— 

are often useful ; even up to an angle of x/6 these approxi- 
mations are very good, and amply sufficient for rough work. 

Example 1. Show that L ^=0. 

Suppose X equal to or less than the integer m ; then 
.r” X X x^x^ / X 

* m+1 * m+2 ‘ Vm+l/ 

But ^/(m+l) is a proper fraction, and by taking n large enough we 
can make + as small as we pleasej 

Example 2. Calculate the sine of the radian to 7 decimal places. 

In the expression for sin^ let x=l ; we shall take each term to 
9 places. 

1 = 1* l/3lr=0-166 666 667 

1/5 ! =0008 333 333 1/7 ! =0*000 198 413 

1/9 1= 0*000 00 2 756 _ 1/11 !=0-000 000 025 

1008 336 089 ^0*166 865 105 

sin 1 = 1 008 336 089 - 0*166'865 105 
=0*841 470 984. 


The error Is less than 1/131 or 1*6x10”^® and cannot, therefore, 
affect the 7**‘ decitnal. Nor the errors from neglected figures in 
the divisions affect the 7*** decimal. Hence, the sine of the radian is, 
to 7 decimals, 0-u\m0. 


This example shows how rapidly the error decreases as n increases. 

Ruample 3. Huyghen’s Rule for the Length of a Circular Arc. 

The rule is as follows : If a is the chord of the whole arc, and 5 the 
chord of half the arc, theif the length (1) of the arc is (85 — a)/3 
approximately. 

Let the arc subtend at the centre of the circle an angle of 0 1 'adians, 
and let tlm radius of the circle be r; then l^rO, a=2rsinitf, 
o=jLrsinJ0. We now express and sin 40 by means of the 

senes for sm a;, putting ^ in turn equal to J 0 and \ 0. Thus 


(j) 

5=2r{}0-^(}0)3 + ^^(j0)s^.,.j. (ii) 
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Multiply (ii) by 8 and then subtract (i); we thus eliminate (P. 
Therefore , „„ 

86-a=2r||0-. 


120 X 2 ’ 


it + 


...) 


*3/{l~^/7680 + ...K 

Hence, neglecting the fourth and higher powei'e of 6, we find 
^=(86 — a)/3. It may be shown that for an angle of 30* the vclativo 
error is less than 1 in lOOOOo, for an angle of 45^ less than 1 in 20000, 
and for an angle of 60* less than 1 in 6000. 


Example 4. 


Prove that L 

8m.r + o<)su ~ 1 


If in the fraction we put a?=0 w^e get 0/0, wdiich is an undefined 
synlbol. Tlie fraction has however a definite limit. For, replacing 
sinJ? and cos;r by the corresponding series, wo see that the fraction 
is equal to ^ 

(.r- ..:)V(i - .p4:r.) - 1’ 


or, 


1 4- 


and the limit of this fraction, when ,v converges to 0, is 1. 

When an expression is not defined for a particular value of x but 
has a definite limit when x converges to tliat particular value, it is 
often convenient to asstcfn the limit as the value of the expression for 
that value of x* 


EXERCISES, xrir 

1. Calculate, to 7 dtl^mal place.s, the cosino of the rmlian. 

2. Show that, if powers of x above the 7“* are neglected, 

, 2.1-5 i7,^r 

[Divide the series for sin x by the series for coh.i\] 

3. Show that, if powers of x above the C*** ai e neglected, 


XQotx-^ 


x^ 


2.r® 


“^“3 “45 945 


4. Show that, if powers of x above the 6*** are neglected, 

61 a:® 

8ecx=l + 2+^^^ 

6* Show that, if powers of x above the 6*** aio neglected, 


cosec 0 ?= 


6 ^ 300 ■^15120' 

6. Find a series for sin*:*?. 

[Note that 8in*a?«Jfl -cos2.r).] 
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7, Find a series for each of the following functions : 

(i) (ii) sinlr, (iii) cos^^r, (iv) sin3u7C0s^. 

Find the limits to which the functions in examples B-11 converge, 
when ^ converges to the value stated. 


< ; 4?s»0. 


-rt tan Tur- a tan j? ^ 

nsin^r-sinnj: 


tan^r-jr . 


11 . ^|-xjtan.«; x=~. 


[In example 11 put JF—Jw-y; then when x tends to Itt, ^ tends 
to 0.] 

12. Show that if 

d=sa*4*sin J7-48in J.r, j5=.3-|-C0Hj7--4 cos^j:, 
then A = - 4- higher powers of jr, 

4* higher powers of .r, 
and find the limit of for x converging to 0. 



CHAPTER X. 

INTEGRATION OF DIRECT TRIGONOMETRIC FUNCTIONS. 
* MEAN VALUES. 


45. Integration of Circular Functions. From the results 
of differentiation (§42) tho following integrals are deduced: 

|sin.tv/aj =— j.sin(aa? + />)d!x* cas(aaJ+6); 

jeosa^/x =8ina;; =i8in(aa:+6); 

|sec^xcZa5 = tan x t |sec‘^(air + h)<lx =» ^ tan (ax + h ) ; 
Jcosec^xrfx = — cejj; x ; |cosec^(ax + h)dx = — ^ cot (ax + 6). 


We again remind the student of the necessity of making 
himself familiar with the fundjj,mental formulae of trigo- 
nometry ; the difficulties of integration in elementary cases 
are more frequently due to imperfect knowledge of trigo- 
nometry than to the nature of the calculus. 


Example 1. Find the area l^etween the graph of einj?, the x-axis, 
and that part of the graph that lies between .r*=0 ami a7®sr. 


But 


Area=«j^ 8inu?cL7=j^~cosa7j ^(-c<,)8 7r)~(*~‘cos0). 
eos7r=» — 1, cos 0—1, so that the area is % 


Example 2. Find the centroid (i) of a circular arc, (ii) of a circular 
sector. 

Let OA(«a) bisect the angle BOO(==2a) and take OA as the ^-axis 
(Fig. 25). In both cases the centroid lies on OA (from symmetry). 
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Lot lXOP^B, arc AP^$, arc PQ^&t^aBO, ar=0ir=aco8 0. The 
whole arc CAB^2aa. 

(i) For the arc CA 


But 


2aa.x=joMd8^j cos 0cl0=^]^a- ain 0^ . 
^a*ain =:a^8in.a-a^Bin(-a)=2a^sin a, 



because sin ( ~ a) — - sin a. The lower 
limit of the int^ral is - a ; when P lies 
between A and C the angle 0 is negative, 
and 6 increases from - a to a. Hence 


_ Sa^sina 
x=- 


a sin a 


2aa a 

(ii) The area of the sector POQ is 
and its centroid may be considered to 
1)0 at O, where 0O—\0P, The moment 
about OY of this elementary sector is 
therefore ^OM , or Ja* cos 0W> 

The area of the sector COB is ^ ga, 
or a^tt. Hence, for*tbe sector, 

Ja^cos 0cf0=|«^sina, 

and 

Example 3. Evaluate / 8in®a;c^'.« 

The integration of powei-s of sin a? and cose, when the index is a 
small positive integer, is usually most easily effected by expressing 
the powers in tonus of multiples of the angle. Tims, 

sin*.r ~ .J(f - cos 2x)y 008 ^,^= J(1 + cos 2x), 

sin^x = I sin x - Jsin 3 j-, cos^x ~ | cos a: + J cos 3jr, 
sin^i? ~ J cos 2x + J cos 4 ^, cos^j? == f ^ cos 20? + J cos ix. 

In the present case we have 

J sin^xdx = (f - J cos 2x)clx = - J sin 2x^ 

But siii2a?=0 when x=0 ind when ;p=ir/2 ; the value of the 
integral is therefore 7r/4, 

(See also Exercises XIV., 40-42.) 

Example 4. Show from graphical ^nsiderations that 

(i) cosWx«*0; (ii) ^ coa*xdx^2j^^ cos*xdx. 
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From 4?=0 to a?=7r/2 the ordinates of the graph of cosV are 
positive ; from x=^/2 to jr=7r the ot'dinates are negative, but are 
numerically equAl (in the reverse drder) to the ordinates from ars»0 to 
Hence the area represented by the integral is (algebraically) 
zero, 80 that the integral in (i) is zero. 

In the graph of cosV, on the other hand, the ordinates are all 
positive (or zero), and their values in the range from ar« 7 r /2 to 
are equal (in the reverse order) to tneir values in the range from 
a’=0 to .r=7r/2. Hence the whole ai*ea represented by the integral on 
the left of (ii) is twice the area represented by the* integral on the 
ri^t. 

By considering the graphs of the int-egrands we can often simplify 
the evaluation of the integrals of trigonometric functions. (See 
Exercises XIV., 22-27.) 

* 

Example b. Evaluate I sin ?«.rsin m and n being |K)Ritive 
Jo 

integei's. 

AVe have 

sin sin nx « A {co8{?>i - «).r - cos (wi. -f 7i)x } 
when m and a are unequal ; but if m = then 

sin mx sin nx^nm^fu ' - J ( I - cos 2n,r). 

Therefore, if m is not equal to n, 


sin »u* sin tixiLt'- 


f .sin (m - n)x sin (m + 7i)x \T' 


n iJ«’ 


because both sines vanish wheri x^^O and when .r '~27r. 
if w = ?e, then 

/•3' . . , rU sin2/uAT' 2 


sill wi.rsin 


, ri f sin 2//.r\T*‘' 27r 


A similar method applies when thi> integrand is cos ?rt,r cos w.r or 
sin wo: cos wx. These integrals find an importfiiit application in 
Fourier’s Theorem (§ .02). 

Example 6. Calculate by means of the substitution 

^=asin u. 

By § 43, example 3, we see that 

j +COS 2w)(fw~^a2(i4+i sin 2w). 

-r. ^ ^ ^ 

But ^sin 2 m » 8m m tos m =*- . 9 

30 that j ^(a® - sin-^ J 
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To calculate the integral f iJ{a*~tF)dx, notice that «=0 

when and ?< = 7 r /2 when x^cl\ as x increases from 0 to a, in- 
} creases from 0 to tt/^. Hence 

jf ^(a^--x^)clx=ia^J^ (l+co8 2u)ciu—^a^. 

The definite integral represehts quarter the area of a circle of 
radius a, so that the area of the circle is 
This example illustrates a substitution that is frequently effective. 
Conipai’e Exercises XII., 48-55. As another illustration take the 
following example : 

£xamj>le7. Calculate 


J(.v^+4x+13f 

We have 4^+4r+1.3=(.t:+2)=*+9, 

and, by putting 3 tan ?( for x+2, we find 

4* Ar 4- 13 = 9 sec*?/. 
Also dx^Saec^uclUf so that 


f dx (Zeeehidu If » 

J(x^+4x+ f3rJ 


the value of which is 


1 / , , \ 1 a. , 1 x+2 

^(«+ain«co8«)=-tan 


4x+ 13* 


EXEKCTSES. XlV.t 

Integrate the functions in examples 1-12. 

1. sin 3a?. 2. sin (1 - x). 

4. 8in^(.r+^>). 5. coa^(.r+5). 

7. cos*(«a?4-a). 8. tan^o*. 

10 . cos* .r sin 0?. 11 . tana? sector. ] 


3, cos(l--a?). 

6. sin*(7M?+a). 

9. sin*a?cosa?. 
12. cota?cosec*a?. 


Calculate the definite integrals in examples 13-21. 

13. [ coa*xdx. 14. s\v?^-dt. 15. j\m^{t+e)dt. 

16. [ coa*2jFfltr. 17. |“sin*^tf+€)eft. 18. Jco^xdx. 


C 08 *xdx, 


sinZxcoexdx, 21. / cos3a?cosarc£r. 
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Prove by graphical coiisideiations the truth of eqCiations n 

being a positive integer 

22. j^‘sinVcfa'= l\‘os”,rda\ 23. 

24. cos’*.rrf.r -=^ ^ cos”.i*rf,r, if n is oven. 

25. ^ cos“.r(f.i*=0, if 71 is odd. 

26. f sui^**j:dx=^ f eos‘\vd.v~4 I ^suv^*X(lv. 

Jo Jo Jo 

f2kw ^ ^ fiUtm fi 

27. sin'”. i‘d.v= I cos^”xdr^4Jl: I siir'*.r(ilr (I; a positive integer). 

28. Establish equation 22 by the substitution 

[dx= —dy ; y^hr when .^;=0, and y--0 wlieu .r=" .W. Therefore 

f sinV'dx— - I <.‘(^s”f/dy- I cosVe/.r. 

.0 ./a *■ * Jo * Jo 

See § 31, examples 2, 5 1. 

Evaluate the integrals in examples 29-37, employing trigonometric 
substitutions ; see Kxej;cises XII. 48-55. 

29. (rd-.v^)K/x. *30, j 31. (d^ - x^)Klr. 

32. 35. 34. 

35- CjinSa:^^ 36. fy{(.v-aXl>-.r)Wx. w. 


Ja 


36. /;vi(..-.X6-..)l*. ». [(j-lSiW 


38. Find the .surface of the pj*olate spheroid (Exercises TX., 17) by 
means of the substitution asiii u* Deduce the surface of a sphere 
of radius a, 

39. Tnice the curve 6V*=.r?^(a*— a*®). (The »ha]>e is that of the 
figure 8 laid horizontal.) Find the area of a loop of tho curve. 

40. Integrate the functions (i)-(iv), •using the substitution M«=gin.r ; 
(i) sin^^rcos^jr, (ii) sin*;rco8®jr, (iii) cos^j?, (iv) cos*;f. 

[sin^jp co8^a;»sin2jr coe^x cos .r=8m^A’{l ~ sin®.r)co8 x, 

j sin^xcos^xdx^ j — u^)du^^u^ ~ Jsin^or - Jsin*;*?. 

This substitution is effective when the integrand is 8in”*a:cH>s"4r and 
n is an odd positive integer j m may have any value.] 
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41. Integrate the functions (iHiv), using the substitution tt=cosx: 

(i) (ii) cos^orsin^, (iii) sin^ar, (iv) sin^o:. 

[Tins sul^stitution is effective when the integrand is 8in”*^cos”j: 
Und m is an oM positive integer ; n may have any value.] 

42, Integrate the functions (i)-^iv), using the substitution ^!=tana: ; 

(i) tan^ar, (ii) tan‘*a?, (iii) tan^jtr, (iv) tan^®^. 

[tan^,r = tan^jr . (sec®:*? - 1) — tan^a? sec®:*? - sec® 1, 

so that j tan^.*.*c/a?=J«®-M4-^=Jtan®a?-tana?+:r. 

Any even positive power of tan:*? may* be integrated in this way. 
Any even positive jiower of cotj? (or even negative power of tana) 
may be integi'ated by using the substitution t^=cotd?.] 

46. Mean Values. The arithmetic mean of n quantities 
Vv 2/?» ••• Vn is {yi + y 2 +--- + yn)/n. Now, let F(x) be any 
function of x, and suppose x to vaiy from a to 6 ; divide the 
interval (6 — a) into n equal parts, each equal to A, and let 
Vv 2/2»***2/n values of F(x) when x is equal to 

a, a + /b . . . a + (ti — 1 )/i (or 6 — h) respectively. The limit for 
n becoming infinite (and therefore for h becoming zero) 
of the arithmetic mean of 2/i> y^y •*»yn is called the mean 
value of the functiou F(x) over the range^b— a. 

This mean value may be expressed an integral ; for 

^1+2/2+ ••• + ?/ « ... +5y«/i 

n ' ^ ^ 

* 

since nh — h — a,. The numerator of the second fraction in 
(1) is M\a)h + .F(a + . . . + F{hr- h)h 

and the limit of this sum f6r n becoming infinite is 


[ F{x)dx (2) 

Ja 

Hence the mean value is 

(3) 


Clearly the rectangle Jlf(6— a) is to the area re- 

presented by the integral (2). The ihean value of F{x) is 
therefore tlio altitude of the r^tangle whase base is the 
interval (6— a) and whose area is equal to that included 
between the graph of F(x), the cc-axis, and the ordinates at 
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the ends of the interval ; we might indeed take this property 
as the definition of the mean value of F{x). 

Example 1. The mean value of the ordinate of a semicircle of 
radius a is 

In this case the diampter is divided into n equal parts. If however 
t\\Q eemi-drctim feren^e is divided into n equal parts the independent 
variable is the arcaS^ measured from one end of the diameter up to 
the point from which the ordinate i« draw’n ; the ordinate is a sin 
and this mean value is, since the interval is 7 r«, 

1 r' 2 

— / a^xwOadd— <7 = 0C366cr. 

ira Jo IT 

In speaking of mean values, therefore, it is nocessiiry to indicate 
clearly the independent variable-— that is, the variable wdioso range is, 
in the arithmetical definition, divided int(» u ecpial parts. 

Example 2. Find (i) the mean value of the ordi»iate, (ii) the square 
root of the mean va/ue of the «<piare of the ordinate of the curve 
= a sin nt for the range from f — 0 to rr/a -that is, fora half jHiriod 
of the function risin wiJ. 

For (i) wo have, since 1 “-(tt/?/) is equal to 

” hamti 

TT Jf T 

P'or (ii) the function is ; the mean value of is 

- — f^O — 9.nt)dt 

TT Jo 

^hi% 

and the square root of this mean is a4,/2 - that is, 0*7071«. 

This latter value is sometimes called the k.m.s. (ro< it- mean -square) 
value of the ordinate ; the r.m.h. value is of great importance in 
Alternate Chirrent Theory. 

For a complete period, that is, for the range from to t^2irln^ 
the mean value of ctsin^^ is zero, but the u.m.s. value is the same as 
for the half period, namely aj»j2. Tliese results are geometrically 
evident. 

47. Integration by Parts. In the evaluation of integrals 
that do not come intoiediatcly under a standard form the 
method of change of variable is often effective. There is 
another method which we shall now give, but we shall not 
elaborate it because, for the simple cases we here discuss, it 
can usually be dispensed with. 
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This method of integration hy ^rta, as it is called, is 
deduced from equation (b), § 26. For the moment denote 
differentiation by an accent and integration by a suffix; 
thus flu f j ,dv f , 

“S' ”‘“1”*" 

In this notation, by tJie detinition of an integral 


or 


(§27). 

Now, differentiate the product UjV ; this gives 
dhi.v) du, , dv • , 

dx dx ^dx ‘ 

Therefore, integrating, we have 

M,v = |( «v + u^v')dx — ^uvdx + ^u^ddx (1) 

^iLvdx = Mj V — Jwj vVZ.'B (2) 

For a definite integral we have 

rMjvl =f {uv-\-u^'d)dx={ MV(fo;+[ u^v'dx, (.3) 

f wvcila; = fu^vl — f M^vt-la; (4) 

<t L Ja J a 

The mile t(j be obtained from (2) is complicated in ex- 
pression but IS easily grasped; it is applicable when the 
integrand is a product 

Kmmph 1. Evaluate jxmnxds. 

Hero we might take either jc or sin^r as the factor to be integrated 
(the ttX but the integration of ,r raises the power, and would be 
moi'e complicated than uv. Take then sin.r as u. The first step is to 
’ itegrate sin,r and multiply tlfe integraTof sin a? by the other factor, 
is not altered till the second step, 

J ,v sin x ( ~ cos cos a:) . 1 . cir 

sa ~a?cos,r + J cosxdjc 


intej 

Wi 


■ -a?cosa?+sina?. 
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Examjf^e 2. Evaluate j 
Again take sin x for ti, 

X ( - cos x) - j(- cobx) jc®co8jr -f 2 j xcoBxdx, 

Now apply the rule again to jxcoaxdx; we find 

jxcoBxdx^xxeinx-- |*sinjr. 1 sin 4- cos j?. 

Therefore, substitiiting for Ircosxdx the value now found, we 
obtain 

^ .?*^sio xdx^ — ;?,’*cos 2 . 1 ? sin a‘+ 2 cos x* 

The following results, which are cleduciHi by the method 
of this article, but which would take too much space to 
prove, will bo often of use ; m and n are positive integers 
(see the authors Calculus, §119). 

Psin^x dx - f "cos^ xdx = x u, (A) 


i: 


sin’^ojcos^xcic 


(m + vi){w,+n — 2)(7h + — 4) , . . ^ ' ^ 

where a = l Avhen n is odd, but a=?7r/2 wdum n is even; 
/3=1 unless m and ?? are both even, in whicli (*aso 
Each series of factors is to be, continued so long as the 
factors are positive. 


rl 

Example 3. (i) J sin^.i 


^ • fl j 6 . 3 . 1 9r fiTT 

''."•"'^■=«T4-7i2“32> 


f f w . ^ « 

(ii) / >< 1 = 


(«■) i 


0.4.2 
*7. 573 IT 


16 

'35» 


^ • 4 5 J ^ 3 , IxItt tr 

Hin^xcod^xdx^-^—^^^ 2 “32* 


Example 4. Evaluate (a* ♦ dx by the substitution x^ aeinu, 

rf 3 1 X 3 1 ' 

The integral « afll sin^tf cos^u du » - 


r 2 2 '"’ 266 ' 
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EXERCISES. XV. 


1. A particle of niaas m describes a simple harmonic motion of 
aniplitude a and period T\ show that the mean kinetic energy for 
the period T is half the niaxinmra kinetic energy. 


pThe displacement is xrszacmi^irtjT)^ and the velocity is 


dx ^Tva . ^irt 

r-’ 


the kinetic energy is and therefore the reqiiii'ed mean is 

yl, 'pi" “2 • p^i J 

2. A particle falls freely from rest under gravity ; show that the 
mean velocity with respect to the time of fall is half the final velocity, 
hut that the mean velocity with respect to the distance fallen is two- 
thirds of the final velocity. 

3. Show that in a homogeneous liquid under gravity the mean 
presHuro-iiitensity over a plane area immersed, in the liquid is equal 
to the pressure-intensity at the centroid of the area. 

4. Find the r.m.h. value of t for a complete period T when 

(i) ^«/8in a^> 

(ii) i = /,ai ii( ^^^ + «! ) + 

(iii) +/ 28 in^-^^ + (4^ +/ 38 in^®^+a 3 ^, 

(iv) j: /pSin^-^~ + a^,y 

5. Find the mean value for a complete period T of the product 
txe when 

(i) r=/8m^/, e=EHm[^p+f3), 

(ii) /== /isiii^^^^+a,^ +/jsin(^ +aj), 

a= +£' 2 sin(^+) 82 )- 

6. If AiCos.r4- A2Cos2.*?-f .#. + AhC0S7m? 

+ ^isin X + iJjsin 2.r + . ., -f 5«sin nx 

find the mean value of (i) (ii) 2y cos rx^ (iii) 2y sin nr, as x varies from 

0 to 2ir, r being any positive integer. 
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Evaluate the integrals 7-14 ; r is a positive integer, a is a fraction. 


7. 

4? sin nrcir. 

8. 

sin rrdlr. 

9. / xcoarxdx, 
yo 

la 

-f. 

xcmrxdx* 

11. 

a^coa rxdx. 

12* 

13. 

<soBascco&rxdx, 


14. 1 ^ sin 

oursin 

Write down the value of efich of the integrals 15-24. 

16. 

^ sin*4?ef.v. 

16. 

sin^jrdlr. 

17. «in^4?d(.r. 

18. 

j cos*jp<£r. 

19. 

sin*xdx. 

20. p^om^xUx. 

2L 

cos^x mn^xdx. 


22. coa^x 6in^x(lx» 

23. 

f ain^xcos^xdx. 


24. 1 

r sin*'Urc/.r. 


^0 


Find the values of the integrals 25- 28. 

25. - aP)dx. 26. j -- jr^)dj\ 

27. f“ ar*v/(2<w-x*)</,«. 28. - A^)dx. 

29. Trace the curve ah/^^a^2a--r), a being positive, and find the 
whole area enclosed by ^t. 

30. Find the volume of the solid generated by the revolution of the 

curve about the -r-axis. 


O.I.C. 


I 



CHAPTER XL 
FOURIER SERIES. 

48 . Trigonometric Series. When corresponding values of 
two variable (juantities are known it is often possible, by 
plotting the points which have these values as coordinates 
and drawing a fair curve tlirough them, to find the equation 
of the curve and thus to determine the general relation 
that connects the two quantities. We shall now consider a 
difierent form of the same problem, namely : — given a curve, 
find a series of harmonic curves (that is, graphs of sines 
and cosines) which are such that the §um of their ordinates 
for any value of the abscissa will be'equal to the ordinate 
of the given curve for that value* of the abscissa. In other 
words, the problem is to decompose given curve into 
harmonic component curves. An elementary solution of 
the problem for simple cases is given in the authors 
EUmentary^TreaHse on Qraphs: in the solution we shall 
now give, for curves whose equations are not known, the 
mode of presentation is due to Prof. C. Rimge {Zeitschrift 
far Mathematik and Phymk, vol. 48, 443-456) and to his 
article we refer the student for fuller information. 

The analysis, though very easy, will probably be felt by 
the beginner to be tedious ; but he should not, at the first 
reading, worry himself a!)out the proof. The practical rule 
deduced from the analysis (§ 51) is exceedingly simple and 
gives with , the greatest ease the required decomposition in 
all ordinary cases. 

Wo require the following theorems, proved in any text-book of 
trigonometry. 
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If the angles A + /J, J -f 2/?, ... are in arithmetical progression 
with the common difference then 

sin A + sin (vl + B) -f sin (.1 -f* 2fjf) -f . . . to n terms 

sin sin l.i + h (?f - 1) Z?}-r«iu (1) 

cos A *f cos (A'^B)-\- cos (.1 + 2 . to n *torms 

==sin^Mi?cos{J +i0# - l)7f }-r8in^7f, ^ (2) 

unless /?=r27r, or a multiple of 2:r, when the sums ai'e wsinil and 


?i cos A respectively. 

The following applications of (1) and (2) form the essential part of 
the analysis. 

Let O-'lrrin, and lot n .i be ix)8itive iiitegers lexs than 

The sum to n terms of the series 

1 -f cos rO cos sO 4- cos '•JrO (‘»>s 2if() -H cos cos 3^^ 4- (3) 

is zero if .<? is not ctjual to r, Vjut is if .< = ?•. 

Write (3) in the form 

A 5 1 4- c’os (.<? - r) 0 4- cos 2 (a* - r) 0 4- cos 3 (a* ~ ;•) 0 4* . . . to n terms } 
4-1114- cos (.'i 4- r) 0 + ‘‘os 2 (.< 4- r) 0 4- cos 3 (.f 4- r) ^ 4- . . . to n tcnirs }. 

If .*{ is not ecpial to r we may apply (2) t(» caci) series. For the 
first series let A <), ~ r)0, 

then si n A ft B - - .si n A v (r r) 0 si n (> - r) 7 r • - (>» 
while sinA/f is not /ciro. Thus the first stn ies is zero, and similarly 
the second is .seen to bo zeu’o. * 

If the second scries i.s zero, but each term in tlm first brackets 
is 1. so that the sum (3) i% A//. 

We require also that casti <»f (3) for which r--R ^n. In this case 
(3) takes the form ' * 

1 4-co.s‘*(A^/6^)4-oci j(2, i/cf0 + cc)s-(3 . A»0)4- ... to n terms (3/ 

— 1 4- cos-TT 4- C0i!r27r + coK-.^TT 4* ... to // t ern IS 
~n. 

In a similar way it may be shown tjiat when 0- AiTr/n and r, a ar0 
positive integers less than A?/, 

si n rO si n <s0 4- si n 2r0 si n 2r0 4- si n 3r0 si n 4- . . . to ~ ] ) terms . . .(4) 

is zero, if s is not ecpjal to r, but is hi if •'C c ; 

si n rO cos r6 4* sin 2r6 cos 4 - si n ^rO c< >s lisO 4- ... to (n - 1 ) terms ... (5) 
is zero, both if r is not ef[ual to r and if s" r. 

To bring (4) and (5) under (I) and (2), let A^O. 

Let US now suppose a curve to be ffiven, tbe abscissae 
ranging from ic = 0 to a? = 27r. The problem is, to determine 
.he values of the coefficients ••• A* 

Kjuation 

y = J ^ -p ^ j cos a; + -d 2 CO.S 2ic + . . . + ^ n caes ^ a? + . . . 

+JB|8iBa;+jK2sm2aj+...+.Bn^w^+' , •••(*') 
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80 that, for every value of x between 0 and 27r, the value 
of y calculated from the equation shall be equal to the 
corresponding value of y given by the curve. 

The terms and are called the first, or 

fundamental, harmonics; the t&rxm and B^ir\ix2x 

the second harmonics; and, in general, the terms d^cosnic 
and ^nsin nx the harmonics. When n is an odd integer 
the harmonics are said to be odd; when n is an even 
integer the harmonics are said to be even. 

We can always find Gn and Dn, or and i)'„, so that, for 
every n, 

Ancos nx + J9nsin nx = CnGOs(nx + />„), 
or, An<^OQnx+Bniiin nx = Cn^m(nx + D'n ) ; 

but it is more convenient for the calculations to keep the 
terms as in (f). 

In general, the series in (f) is an infinite series, and 
where the equation of the curve is* given in the form 
y^ f{x) the coefficients can be determined by integration 
(5)52). In many practical cases, however, the equation of 
the curve is not known. In such cases a limited number 
of abscissae, x^, . . is chosen, the ordinates i/j, ... at 

£Cj, x^y.., are read off the graph, and \he values then 

Xot y^y ... inserted in (f). We thuS obtain as many equations 
as we please ; n equations will enable^us to calculate n of 
the coefficients ... Bj, B2, ... and the n terms so 

obtained funiish an approximate solution. 


49. Twelve Equidistanlf Ordinates. When the number of 
the equations just referred to is large, the calculations are 
laborious ; but by a proper choice of the abscissae ccj, iCg* ••• 
the work can be simplified. A solution that is very simple 
in practice, and that is also fairly general, is obtained by 
choosing 12 equidistant ordinates. In this case the interval 
from 0 to 27r is divided into 12 equal parts, each part being 
27r/12 or w/6. Denote w/6 by 6 ; then the 12 values chosen 
for® are 0. 0, 26, 30, ... 110; 


the values of y corresponding to these values of » may be 
denoted by 

. , Vv Vv y#»*"yu 

respectively. 
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From these 12 pairs of values we obtain 12 equations and 
therefore 12 coefficients.^ We take as tiie approximate value 
of y, 

y = J,+.<ljCOB a!+ jIjCos 2;®+.4,co 8 3a; 

+ jI^cos 4ia;4-^5Cos 5a;+^gCos 6a5 
+ ^jsina: + Bjsin 2a: + fijsii? 3a: + £^sin 4a: + £^in <6a;. (1 ) 

Equation (1) may be written more compactly thus, 

r—tf ras5 

y = rCosrx+'^BrminB. (!') 

rssl I'ssi 

Now let 80 be any one of the 12 values of x, and y, the 
conusponding value of y ; inserting 80 for x, and y,' for y 
in (T), we get 

rai<5 ri«5 

= alo+ 2 + 2 ^^rsin r«6. (2) 

r«l r«l 

Equation (2) represents 12 equations, obtained by giving 
to 8 in succession the values 0, 1, 2, ... 11 ; the (Hiuatibns so 
obtained may be called resjwctively the first, second, third,... 
twelfth of equations (2). I'lie b<*ginnvr should write out 
several of these in full ; for example, the second equation 
of (2) is 

2/1 = j 4(,+ yljcos 0+ A gcos 2^+ 4 jcos 30 
+ uil^cos 40 + J jCos 50 + ii jcas 60 
-f iijsin 0 + jR^sin 20 + 30 + 40 + -^5 sin 50. 

The principle of the solution is simply this. I’o obtain 
the value of any one of the lettenji, say A^. iiniftiply eack of 
equations (2) by the coefficient of A^ in that equation and 
then add the 12 equations thus obtained, putting into 
brackets the twelve coefficients of each of the Tetters 

A^ Aj^, It will be found, by §48, equations (l)-(5)> 

that every coefficient eaxmt that of the selected letter 
will vanish, while the coefficient of the select^ letter is, 
by §48 (8), (3') or (4), either \n dr n, that is, in this^ case 
6 or 12 ; when the selected letter is Aa, the coefficient is 6. 

To obtain Ag, the coefficient of which is simply unity, 
add all the equations (2); w3 find 

#«tx 

i2^o=yo+yi+2'2+-+yu“§y- 


.(3) 
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In this case the coefficient of every letter other than A,, 
vanishes by § 48 (1) or (2). 

To obtain multiply the first of equations (2) by 1, the 
second by cos 60, the third by cos 120 . .. and then add ; we 
find (§48 (3%. 

. i248=yo-?/i+y2-%+-”+^io-2/ii- 

which may be written 

«=u 

12ylg=22/gCOs»7r. (4) 

«-=0 

Notice that this is the case of §48 (3'); 6= In, n being 
here 12, Also 60 = 7 r, so that cos6fJ= —1, cos 120=1, — 
The coefficient of every B vanishes by §48 (5). 

To obtain where r=l, 2, 3, 4, 5, muliiplj^ tlie first 
of equations (2) by 1, tlie second by cosr0, the third by 
cos 2r0, , . . and then add ; we find 

6 A;. = 2/o + J/i^os tQ + 2 /j>cos 2r0 + • • . ~ ^ '//.sCos 7*.s*0. . . .(5) 

«~0 

In this case the coefficient of every A, except the one 
selected, vanishes by §48 (3), and the coefficient of every B 
vanishes by § 48 (5). , 

To obtain Bn where 7*=1, 2, 3, 4, 5,,ninltipl3’' the first of 
equations (2) by 0 (the coefficient of every B in tlu.^ first of 

(2) is zero), the second by sin?’0‘ the thinl by siii2/*0, 

and then add ; we find 
* 

QBr = rO + v^^in 2r0 + . . . = ]^ 7/^sin rsO (6) 

• " jTi ‘ 

60. Simpliflications. TKe values found in equations 

(3) ~(()) of § 49 can be greatly simplified ; it should first be 
noted that is the arithmetic meiin, or tlie uN^erage, of 
the 12 ordinates. 

We can group together and 7/2 J/io’ 2/3 Ih* 

y. and j/g, y^ and y ^ ; in each pair the sum of the suffixes is 

12. For, remembering tlHit 0 = tt/G, we have 

1 1 r0 = 5 1 27^0 — 7'0 = 27*7r — rO ; 1 Or0 = 27"7r — 27*0 ; 

9r0 = 2r7r — 3r0 ; 870 = 2/^ — 4r0 ; 7r0 = 2?*7r — 5r0. 

Therefore in (5) the coefficients of y^ and y^^, y .2 and 
,,, are equal, while in (6) these coefficients are numeri- 
cally equal but of opposite sign. 
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The terms y^, y^osQrQ do not come under the gi’oup- 
ing; the term yesin6r0 is zero, so that y. disappear from 
tlie value of Br- 

Take now the notations 

yi + 2/ll=«l. 2/2 + 2 /iO = '‘2. 2/3+«/9 = «8. ^4 + ^8=,'^’ ?/s+?y7 = «*. 

y\~y\i~^v y2~ s^8~y9~^^3> y*~y»^^v y6~ 
and also for symmetry, y^-a^ 2/6=«6- 
We now obtain if 7'=1, 2, 3, 4, 5, 

QAr= y,ct,coa th6 ...(7); Oj!7f=^l>,sin?*s0.,..(8); 

A=aO Sr-1 

while, 12u4^= ^ct* (9) ; ..(10) 

«-0 

But the terms can bo still further grouped. When r i.s 
odd, r= 1, 3, 5, wc have 

cos Cr0 = — 1 ; cos 5r6 == — cos rO ; 

cos = — cos 2 rO ; cos 3/’f) = 0 ; 
sin 5?"0 = sin vB ; sin 4rfl=:siu 2r0 ; sin 3>‘0 = sin *Ard. 
Wh(.‘ri r is eve7i, r==2, 4, we have 
cos ()r6 = 1 ; cos 5 r0 = cos rO ; 

cos irfl cos 2'rO ; <*< »s 3r0 — cos 3'rO ; 
sin r)?'d= — sin "<*9 ; sin 4/*0= — sin 2rB ; sin 3r0- 0. 
Take now the notations 

^^0 "b ~ Cq, f “h ^^5 Cp (^2 “b ^-^'4 — ^ Cj^» 

CIq Cfg — Cq , Ctj — ~ = C\j . 

+ = + 

~ » ^2 ~ ^2 • 

The fonfuulae become 

r oddf ?’ = 1 , 3, 5 ; 6Ar = <V “b c/cos r0 + c*^ cos 2y0, (11) 

QBr — disin 2/’0+f4siu 3r0. . .(i 2) 

r even, r==2, 4; 6.4^ = 0^4*^1008 rO +0.^008 2r04-C3CO8 3r0,(ir) 

6Br = cf I'sin ^04- > ( ^ 

while for r=0, 6, we have 

12ilo =Co+Ci +C2+ C3 . . .(13) ; 12,46 = c,- c, + c, - c,. . . .(14) 
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The only acute angles required for the evaluation are T/d 
and tt/S. By givipg to r its various values we And that the , 
coefficients are given by the equations 

12Jo=(co+‘’2)+(‘’i+‘^3)i 12 ile=(Co+C 2 )-(Ci+C 8 ); 

6^, =«+ 6 A, = (co'+ lO- ; 

f 

6^1^ 

6B,=qd,+d,)+^d , ; 6B,=ad,+d,)-^^d , ; 

6B,=^(d,'+d,'y, QB,^^{d'-d^y, 

62?3 = (ij — d^. 

'When thus reduced, the calculations are extremely 
simple; the only calculation that is not easy to effect 
mentally is the multiplication by ^3/2. The terms (iA^ 
and 6A^, SA^ and 64^, ... are obtained respectively as the 
sum and the difference ,of the same terms. In the next 
article we give Runge s scheme (slightly altered), which 
enables the vsolution to be effected with gi*eat ease in any 
particular case. 

61 . Bunge’s Scheme for Solution. First <write the ordinates 
so that i/q, yj, . .. ftre,^n a row and y^, . . . in another 
row, placing the pairs y^ and y^j, y^ and y^^, 1/3 and y^ . . . in 
the same column. Then add and subtract ; when there is 
only one term in a column it appears only in the sum. The 
arrangement is then as follows : 

yo> Vv yz> y^ y^ y^ - 
Vw Vw y^t y%* y^t 

Sum Oo, a,, a^, 

Difference b^, b^, 6,, b^, 65 

Here Oj = Wj + bi = y ^- .... In writing the 

rows, we continue the first row. till y, is reached; then we 
write y,, 2(f» ••• right to left, placing y, under y^, and 
continue till yu is reached. 
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We next find the c’s and d*B in the same way. 

^6* ^6» ^4 ^6» ^4 

Sum c^, c^. 02. Co Sum do, ds 

Diff. Co', c/, C2' Diff. d/,< 

Having calculated the cs and d’s, we arrange the 
equations for finding the coefficients A0, ... of the cosine 

terms as follows : 


Cosink Terms. 


0 and 6 

1 and 5 

2 and 4 

* 


Co ; c, 

1 j, ' : V®. < 

[ Co -gC, 

Co 



^3 i 

1 

ACjj ““ Cg 


1st Colunm 

2nd CViIurnn - 





Sum of Cols. - 


6.4 1 

1 6.4, 

6,4, 

Did’, of Cols. - 

12.4* 

6>4* 

1 fi'** 



Thus, to find j^ognd take the division headed 0, C; 
add the terms in thCftirst column, getting Co+Cg* tlujso 
in the second, getting then the sum of these two 

results, namely (Co+C 2 )+(cj + C 3 ), is the value of 12ilo, while 
the difference, nanitjy {cq + c^) — (q + c^\ i« tlic value of 12ilo. 
In the same way the other coefficients are fouml. 

There is a similar' form for the coefficientij 7ii, iJg... of 
the sine terms. 

SiNR Tkrms. 


r 

1 and 6 

2 and 4 

r 

8 


d, i 

fd,‘ I i&d,’ 

• 

1 * 

1st Column - 
2nd Column * j 




Sum of Cols. - j 

65, 

65, 

65, 

Diff. of Cols. . i 

65* 

65, 
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The following example will show the simplicity of the 
solution. 


Example, Ijet the ordinates be 13, 18, 20, 18, 10, -1, -10, -14 
-15,-14,-10,3. 


13, 18, 20, 18, 10, -1,-10 

3j^ - 10, - lc 4, -15, -1 4 

Sura 13, 21, 10, 4, - 5, -15, -10 (a) 

Diff. 15, 30, 32, 25, 13 (6) 


13, 21, 10, 4 

-10, -15, -5 

Sum 3, 6, 5, 4 (c) 

Diff. 23, 36, 15 (o') 


15, 30, 32 
13, 25 

Sum 28, 55, 32 {d) 
Diff 2, 5 (d) 


Tlie letters (a), (6), (<*)... at the end of the lows suggest that the 
numbers in these rows belong respectively to tho.se denoted m the 
scheme by a’s, 5*8, c’sj .... 


Cosink Terms 


) 

1 

0 and (5 

1 

1 and 5 

1 2 and 4 , i 


3 

6 

23 31 2 

3 3 23-].‘> 


5 

4 

i 

-2.5 -4 1 

} 

1st Col. 

8 

30-5 

05 

2n(l Col. 

10 

1 31 2 * 

-1 

1 

Sura 

18=12J„ 

, 61-7-6/1, 1 
' -0-7-6/15 

-O-h-fU, 8-6d, 

Diff. - 

-2 = 12J,, 

1 

1 -5-6.1, 

1 


c 


Sink Tkrms 


r 

1 and 6. 

2 and 4. j 

3 

1 

j 

14 47-6 

32 

1-7 4-3 

28-32 

Ist Col. 

46 

1-7 


2nd Col. 

47*6 

4-3 


Sum 

93-6 =6i5, 

*60=65^ 

-4=65, 

Diff. . 

-i-e-eflj 

-2-6=654 
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Hence 

-i3=l*3, ^4=0*2, 

^,-I.V(), /i;4-l O, i^3==-0-7, i?4=:=~0*4, 
where the values are given to only one decimal place. 

The method of verification stated in Exeivises XVI., 6, is worthy of 
notice. • 


62. Fourier's Series. The solution stated in § 61 Vill be 
found siitfieient for most of the cases in which a curve has 
to be analj’sed into harmonic components by means of a 
limited number of selected ordinates. It is not hard to 
work out formulae when instead of 12 we have, say, 36 
ordinates, though the arithmetic is certainly tedious. (See 
Exercises XVL, (>.) 

We shall now suppose that the equation of the curve is 
given in the form // = /‘(a.‘). Let the interval from 0 to 27r 
he divided into (2?? + !) equal parts, each part being 
27r/(2// + r)- Demote 27r/(2?? + l) by tL then the (2?f. + l) 
values of ./* will be ‘ 

0 . e. 20 , 30 ,... 2 r? 0 ; 

and tlh‘ valu(‘S of // corresponding to thesi* values of x arc 

Am. f(m.-jV 2 m, 

or, for bn^vity, //j, //a, ...//ju. 

Assume as ecpiaiion fffl* // 


f'- ^ r n 

H = A •+ ^ A >K i j' + /Lsin rx, ( 1 ) 

r I r' 1 

in whicli tlumo are (2’)i+ 1 ) ooetlicients Ay, 

r>y (^xaetly the same analysis as in §49, we find 

^ 2 /.cosr.sH; ...(2) ^ ;y.8inj«0;...(y) 

^ A-0 1 

(2'rt.+1)/lo=22/» W 

We shall now fintl tlie limit 6f these expressions for rt 
becoming infinite. 

Multiply each siile of (2) by 2x/(2w4-l) or 0, and write 
/(«0) for y , ; we thus obtaiir tne equation 

»s=2» 

vAr— ^/(S0)CO8 rsQ. 6. (2') 



140 


INTRODUCnON TO THE CALCULUS. 


Now, let aO=u, (a+iyO^u+Su, so that $=Su; when 
8=0, tt=0, and when »=2'», u=2n9=^‘Jr—6. liquation 
(2') now becomes 

Iia a2ir- -# 

TfAr— ^f{u)cmrv,Su (2") 

But when n becomes infinite, 6 becomes 0 and the sum 
in (2") becomes a definite integral with respect to u, from 
t6 = 0 to i6 = Therefore 


irAr^ 


Xu)cos rudu 


(5) 


In exactly the same way we find 

£ ir f2w 

f(u)sinrudu...(G)\ 27rJ.^ = J f(u)du, ...(7) 


The sum on the right hand side of (1) is now an infinite 
series, called Pourier’s series, and the valu^js of the coefficients 
are given by the integrals (5), (6), (7). 

We may however obtain the coefficients without going 
through the analysis just given. In the first place observe 
that 


I cos9"a;cos«rcZa;=!0, if «=|=r, 1 siij rasin8a;c?ir = 0, if s=!=r, 
Jo ==7r, if s = r; Jo =7r, if « = ?•; 

I 2ir ^ r2ir j r2ir 

cos rx sin sxdx = 0 ; I cos rxdx=^0= \ sin rxdx. 

0 Jo Jo 

These results are proved, ♦as in § 45, example 5. 

Now to find Art multiply equation (1) by cosro?, the 
coefficient of Art and integrate both sides from 0 to 2'7r. 
The integral of every term on the right, except that which 
contains Art will vanish because each tenn gives an integral 
of the type just written down. The tern^H^that contains Ar 
is ilrcos^ra?, and the integijal of this is 


Hence 1 f(x)cos rxdx = irArt 

Jo 

which is the same equation a.s (5). Of course, the definite 
integral is the same whether the variable of integration 
is O! or u. 
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In the same way we find by innltiplying both sides 
of (1) by sinnc, and integrating from 0 to 2x; we find 
by simply integrating each side of (1) from 0 to 2x. 

Emmple h Find the values of **• >f 

... +iffi8iaa?+Z?jfein2.r4' (i) 

where the cosine series and the sine series are each continued to 
infinity. 

In this ca8e/(,j7)=:x To obtain integrate each side of (i) from 
0 to 2x ; therefore 

I .rdr- I or /lo — TT. 

The integral of JiCos.i?, ... i« zero, so that only the integral 

of ^0 is left. 

To obtain Ap where r has any one of the values 1, 2, 3, ... , imiltiply 
each side of (i) by cosr.r and integrate from 0 to 2a*. (If r-1, wo 
multiply by cosj? ; if r= 10, we multiply by cos 10.t* and so on.) Now 

, r sin r.r cos .. 

X cos rxdx ^ - -f ^ I 

The integral of the right side of (i) after multiplication by Qmrx is 
ttA r ; therefore 0 ^ttA r <»r A r -*» 0. 

Hence no cosine term occurs in the series. 

To obtain multiply each side of (I) by sin nr and integmte from 
0 to 27r ; we find 

• • I r cos r.// sin r.rT' 27 r 

j:sint!Fofa:~.[^.rx 4- ^ 


2 

and therefore Jh- 

Equation (i) now becomes 

2 2 2 2 . .... 

***** ~ n ***** ‘ ““•••» '**) 

La •• '« 

, /sin X , sin 2,r , sin ar , , sin nx \ 

or, ^ +...> 

It is interesting to com|Kire thi.s s<»lution with that oi>tained by the 
method of § 51 . The 1 2 ordinates are 

a* 2?r 37r lla" 

6’ 6 ’ T’ ' “6^‘ 

and it will be found that 

^0 = ^, ^,-^ = ^s=^4=‘^6='-g. 

J5j= - 1‘96, jffj= ” "" ® 


ir 2fl- 3a- 

6’ 6’ T’"' 


-0-30, -0-14. 


052 , 
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These values for ^i> ^2* ^39 ^41 approximations to tlie 

values given in (ii), but it will be noticed that cosine terms appear 
with five coefficients equal to -0*52 and one equal to -0*26. 

Example 2. Find the value of the series 

+ infinity. 

Write equation (ii) of example 1 in the form 

TT — X 

—r- =sin sin 2^+ J sin 3.r-|- ] sin .... 
z ** 

Now let x=7rl2 ; when the angle is an even multiple of x the sine 
will be zero, but when it is an odd multiple of x the sine will be + 1 
or -1. The sine wdll be -hi when the multiple is 1, 5, 9, ... but - 1 
when the multiple is 3, 7, 11, 

Also when j?=7r/2 we have (7r-.r)/2=;r/4. Therefore 

63. Validity of the Fourier Series. The discu-ssion of § .52 
HUgge.sts that, for values of x from .r = 0 to x = 27r, a func- 
tion f{x) can be represented by an infinite series of tlie form 

raco r^'jo 

/(a?)=:ilo+^ + ^ 7i,«sin rx ( 1 ) 

ral ral 


where Aq, A r, Br have the values friven.in § 52. A ri^gorous 
proof of the suggestion is, howev(‘r, too, difficult to be given 
here; but we shall state some restrictions that must be 
rememtered in applying the theorem. 

(i) The function f(x) is to be single- Vii^uc'.d, finite and, itt 
general, continuous. In other words, the graph of /(.r) must 
have only on^ ordinate for each value of tlie abscissa (a 
parallel to the 2 /-axis must mit the curve in only one pioint): 

no ordinate must be infinite ; and 
then? must be no break in the 
curve (§ 10). 

We say that the function must 
be in general continuous ; but 
certain kinds of breaches of con- 
tinuity may occur, of which the 
most important is that shown in 
Fig. 26. Here, the ordinate at 
X'=^0A is equal to AB when x 
approaches a from the left, but is equal to AG when x 
approaches a from the right The value of the series on 
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the right of (1), when is in this case neither AB nor 
ACy but is half the sum of AB and AC. 

(ii) Equation (1) is only true, in general, for values of 
X between 0 and 27r. The series ip (1 ) is a periodic ftmction 
of Xy the period being 2^ ; that is, the value of the series 
is the same for x equal to arj4:2x, .. as tor x^Xy 

The coiiiplete graph of the series consists of the gi^ph of 
the portion from ton: = 27r and its repetitions infinitely 
often, to tlie right from 2x to 4x, from 4x to 6x, ... and to 

the left from 0 to — 2x, rmin — 2x to — 4x, Hence, 

unless /(j?) is itself a periodic function with period 2x, the 
fut'ction on the left oi ecjuation (1) will not be equal to the 
series on the right excej)t for values of x between 0 and 2x. 

For instance, the function x in 55 52, example 1, is I'epi'esented hy a 
straif^ht line of unlimited lencth vlf>/I(Fijr. 27). The series on the 
right of (‘quation (ii), on the other hand, is represented hy the tH)rtion 
OC and its repetitions DEy IlKy etc. 



(iii) If /(O) and /(2x) are nut equal, the series in (1) is 
not equal to /(O) when ic = 0, nor to /(2x) tvhen sr = 2x, but 
is equal to half the mm of /(O) arui fCIv) both when 
and when 05 = 2x. Tims, in example 1 of §52, every term 
of the series in equation (ii) (except the first, which is 
equal to x)is equal to 0 when x^O and when a; = 2x; the 
value of the series for these two values of x is therefore x. 
But when x^O the function x is 0, and when a:«2x the 
function x is 2x. For these values of Xy therefore, the 
series and the function are hot equal ; the series is equal to 
X, which is half the sum of the vaduea 0 and 2x of the 
function. 
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64. Change of Origin. It is often convenient to suppose 

that X varies from — x to x, instead of from 0 to 2x ; the 

range of oj is still 2x. Graphically considered, the origin 

of coordinates is simply shifted to the point (x, 0), and 

therefore x is replaced by aj + x. It is, however, simpler to 

work out the values of the QoeflScients afresh. 

$ 

r7s.<c rasy 

Lot f{x)=‘A^-\-'^A^oarx+'^B^mrx (1) 

where x now varies from — x to x. 

To find the coefficients proceed exactly as before, but 
integrate from ~ x to x. We find 

■KA^—^f{x)<X!&rxdx...(2)\ x5,=|/(j:)sinr»(fa!...(3); 

2TA^=^f(x)dx (4) 

Note that if /( — x)=t=/’(x), the value of the series in (1) 
is equal to when x=— x and when 

x=x. 


c 

Example, Suppose /(a?) It will be readily found that 

-2cq8nr/r, so that 

2 . 2 
if r is odd, Br — if r je 

Hence 

_ a(mix sin 2.r . sin *3.v sin4jr. \ 

^=^"1 a -+ - 3 -- — 

When -TT the function ^ is -tt, and when x^ir the function x 
is T ; the value of the series should therefore, both when x— -ir and 
when ^=:7r, be i(-7r-f7r), that is zero, and this is obviously the case. 

This series for x is not the same as that in § 52. The reason is, 
that in the two series the range of x u different. In p 52 we must 
have 0<^<2tp, while here we have ~ 7 r<^<w. This series may, 
however, be derived from that^n § 62 by replacing x in equation (ii) 
of that article by ar+w. 


65. Sine Series and Oosine Series. The value of irAr 
given by equation (2)* § 54, may be written 

7ri!ly=s:|*^ /(a:)cosradaJ+J f{x)co&rxdx^ 
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In the first of these integrals put — m for x. Then « = ■»• 
when 05 =— X, and u = 0 when .c = 0; also /(*)=/(—«■). 
cos raj = cos rw, cfic = — div. Therefore 


j”/(®)co8ra(Zaj= — I /( — u.)casri{,(iu=| f(^u)cosrudu. 

In the last integral we may write .r in place of u-; the 
value of TrAr now becomes 

7rAr== 1 /(— .r)cos rxdx+ 1 /‘(.r)cos rxdx 
Jo Jo 

= 1 {/(.'^)+/(— •>’)}eosr.r(fo. (5) 

Jo 


The same transformation gives for vJir, of §.54 


TrBr= \ {/(.i:)— /( — .r))sin r.rd.r (6) 

Jo 

2xdo=fV0r)+/(-,r)!./.r (7) 

JO 


Now, suppose J\r)^to lx*, an evt^n function of Xy that is, 
suppose that /( — *r)==/(,r) (the function ehanjj^in^^ neither 
in sign nor in numerical value wh<*n .r changes sign); tlicn, 
the integrand in ((i) is /i*ro and By is zero, while the 
integrands in (5) r^nd (7) Ix'come 2f{x)QOHrx and 2 /(j:) 
respectively. Therefore, dividing each nnunlx^r by 2, 

ZAr— f f(x)coH rxdx ...(H) : { l\x)dx. (9) 

^ Jo* Jo* 

Next, suppose f(x) to be an odd function of .r, that is, 
suppose that /( — .r)= ’-/(x) (the function changing in sign 
but not in numerical value when x changes sign); and 
Ar are now zero while for Hr we have 

= f f(x) sin rxdx (10) 

2 Jo 

It should be noticed that the values of >1,. in (8) and Ag 
in (9) imply that f{x) is given by a series of the form 

y=sQO 

/(a5) = ilo+ S (11) 

rssl 
K 


G.I.C. 
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in which there are no sine tetins. The series (11) is a 
cosine series, and fix) need only he defined for a half period, 
that is, from a; = 0 to a;=‘7r. The value of the series when 
X lies between 0 and — ir is the same as for the correspond- 
ing value of fc between 0 and tt. The value of the series 
when ®=0 is ^(0), and when aj=‘jr is /(w); that is, the 
series and the function /(x) are equal both when a; = 0 and 
whena:=T. 

Similarly as given by (10), is the coefficient of sinrx 
in the series 

/(*)= S -BrSinra: ..(12) 

r=:l » 

in which there are no cosine terms; the series (12) is a 
sine series. The value of the series when cc = 0 is obviously 
0, and when aj = 7r is also 0; the value of the function f{x) 
is not necessarily zero for a; = 0 and x = 7r. 

We may note that Ar may be found from (11) by multi- 
plying by cos rx and integrating from 0 to x, and may 
be found from (12) by multiplying by sin roj and integrating 
from 0 to X. In practice it is usually better to find the 
coefficients in this way than to apply the formulae which 
give their value. The method, hdwever, by which the 
results in this article and in §54 have been deduced has 
the advantage of showing their connection with the theorem 
of § 52. When the function is defined^for the whole period 
there is only one series that represents it; but when the 
function is V)nly defined :5or the half period, there are two 
essentially different series for the function, namely the sine 
series and the cosine series. As a matter of fact, when the 
function is only defined for the half period we can find 
many series to represent it, but the sine and the cosine 
series are the only two that are of much importance. 

66. Worked Examples. We shall now work out some 
examples illustrating the various formulae. The student 
should always keep the following peculiarities in mind. 

(i) If the function /(aj) is discontinuous when a; = a (in the 
way stated in §53, (i)) the value of the series when x^a 
is half the sum of the two values of /(a?) when x — a. 

(ii) If the range of x is from 0 to 2x (§ 52) the value of 
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the series, both when 05=0 and when a;=»2w, is 
, ' , i{/(<.»+/(2ir)}. 

Therefore, unless /(2x) = /(O), the value of the series and 
the value of the function are not the same, either when 
05 = 0 or when .7?== 2x. • 

(iii) If the range of x is from — x to x(§54) the^value 
of the series, both when 05=— x and when £C = x, is 

Therefore, \inless /( — 'n')=/(^), the 
value of the series and the value of the function are not the 
same, either when o:= —x or when oj^sx. 

(iv) If the range of x is from 0 to x, tlie function is only 
defined for half the peruyd. In this case the function may 
be represented either by a sine series or by a cosine series 
(§55). The sine series is zero both whenaj = 0 and when 
,7;==x; therefore the sine series will not be e(|ual to the 
function for tlw^se values of :r, unless the function itself 
zero for thi^se valuee. The cosine series, on the other hand, 
is e(iual to the function both when .r = 0 and when x^^w, 

Ex<tyh}t(^^ 1. Let /(.r) ~.r frt)m tojr«s7r/2, but let /(.r)'a«x-.t' 
from x — TcrZ to r. Find a sine serieH for /’(.r). 

The j^raph of r’(.r) is life broken line OAli (Fig» 28) ; along 0/t the 
ordinate in equal to buttalung AB the ordinate is equal to tt * j?. 



Tn evaluating the integrals in a case like this we raust divide the 
range of integration into parts corresponding to the different ex* 
pressions for In the present case we have 

r xsin rxdx^- \ (7r-^)sin rxdx. 

2 U »«'! 

But, integrating by parts, we 6nd 

\ , , X COB rx , sin rs 

J XBWrxax— — -1 — ^ • 
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and therefore 


, TTT , 1 . rir 

"8inw«fo:=-2-co8 — +^8in j, 


f ('7r-a:)8inra:da:= f xsinnrdlr- f j^sinrxda: 

Jf • Js 

a= ~ COS ^ „ sin 

2r 2 r* 2 

Combining these results, we obtain 

fl* o 2 . nr u 4 . rTT 

^fl,=^8in^,or, ^sin 

SO that 5r»0 when r is even, but jBr= :t4/7rr^ when r is odd. The 
sign is 4- when r is 1, 5, 9, ... and - when r is 3, 7, 11, ... . Hence 


.. . 4/ain4? 

/w=-(-p- 


sin 3 x sin fw 
3 * ' 5 * 


-•) <>> 


The series in (i) is therefore equal to x from .r=0 to x=7r/2, but is 
equal to tt-x from .r=7r/2 to x=7r; the aeries is equal to the function 
both when ar=0 and when x-t. When x is negative, 
sin rx = ~ sin ( - r.r) • 

therefore, when x is negative, the series is equal to x from .r=0 to 
X = - 7r/2, but is equal to -(jr-hx) from r = ~ 7r/2 to - tt. B^or instance, 
when - 27r/3 the series is equal to — (tt - 27r/3) or - tt/S. 

F'rom (i) we deduce a remarkable series by putting When 

x — Tr(2 the function /(r) is also 7r/2, and tlv^reiore 


ir\l* 3'^ ^5^ 
4-’ 4-^4-’ 


+ ... to iilinity. 



Big. ». 


The student should test, by plotting the graph of the series, that 
its graph coincides \\^th the broken Tine ; a few terms give a fair 
approximation. In Fig. 29 we show the graph of 

_ 4 ^sin X sin Zx , sin 64 ? sin 7x\ 

^~7r\ 1 * " 3 =* 6 * " 7 » /* 
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Matample 2. Find a cosine series for 
Integrating by parts, we find 


^ A - 

2^r- 

(V cos rT«ir- P - 

Jo L r 

2 sin rx’V 

*i.’ 

and therefore 

TT , STTCOsrxr . 4cosrr 


Also, 

T' -irS 


Hence, 




/cos.r (*o.s2,r . cos3.r cos4,r 

¥-n p - 2^ + 3^ 4-^ + 

■) (0 

Equation (i) 

is true both when .r-'-O and when ./ 

' TT ; it holds in 


fact from -tt to x-tt, tlie values tt and tt iin^Iiuled. 
In (i) put first .r ~<), then x-ir ; wo find 


Ui ('•) 

rr''* i 1 1 1 

« "" (- J2+ ... to infinity (in) 

By addition of (ii) and (iii) we deduce serH*s (ii) of example 1. 

Kvamnlr 3. Find a sine series that will bo eipial to I from ►rwO to 
a?=a7r/2, l>ut equal to 0 from .r--7r/2 to 



PIk'. 30. 


The graph of the function fix') consists in lliis case «)f the two 
straight lines d/i, CD (Fig, 30); AB is parallel to the x-axis at a 
distance 1 above the axis, while CD is a part of the A-axis. The 
length of each line is tt/S. 


I iS. = ^ ’ I . sin r.r //or + 0 . si n r.rffo = 

because the second integrand, ancj therefore the second integral^ is 
zero. Therefore 
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Br^Oy when r is 0, 4, 8, ... n being any integer ; 

2 

, when r is 1, 3, 5, ... 2/fc-- 1, 


4 

Br^^y when r is 2, 6, 10, ... 4n--2, 

Hence we have 

\ 2 / sin ^ . 2 sin 2r sin 3r sin 5 j? .2 sin 6a: . \ ... 

+ -3- +-^+-^ + - j W 

When the series in (i) is equal to 

by §62, example 2. The two ordinates at a:=7r/2 are CBy which, is 1, 
and the ordinate of CDy which is 0. The half sum of these is so 

that the statement of the value of the series at a point of discontinuity 

is verified for this case. 

The student will find it an interesting exercise to draw the gi’aph of 
the series in (i) and to notice how, as more and moie terms of the 
series are taken, the graph near ^==7r/2 becomes steeper and steeper. 


Example 4. Find a series for /(.r) when /(,r)=0 from -tt to 
a:=a0, and f(x)^x from to 

In this example the function is given for the whole period, and 
therefore there can be only one series ; we use the formulae of 54, 
decomposing the integrals to suit the differen]^ values of f{x) in the two 
parts of the range. ^ 

7rAr=^J 0 .cosrx€lx+ j 4?cosrrcJa7=^^2~^^ — 

7rJ?r= f 0 , Bin rxdx-{- f x sin rxdx= i , 

fo fw ^ 

2irdo=%/ 0.dx+ I xdx^-^. 

j J<i r « 

Therefore, Jr=0 when r is even, but when r is 

odd ; Br^ Ijr vmen r is odd, but - 1/r when r is even. Hence 


V TT 2/co8.r . cos a 


3a? . cos 5x , cos 7x ♦v \ 

+ — + J 


/ ainx 

1 


sin2a:^sin3r 


52 -T- 72 

sin Ax . 


2 


Both when x— -ir and when x- 


3 4 ' / 

IT the series in (i) is equal to 


•(i) 




by example 1 (ii). But when 

so that i{/(-ar)+/(ir)Hi^- 
tm etat^i^nt Qii) at the beginning of this article. 


0 and when jr«=ar, 
lus verify for this case 
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67. Period any given Number. Up to this stage we have 
supposed the period to be iir. A function /(«) is said to 
have the period a if /(a^iiia) =/(*), where n is any positive 
inte^r. If the function to be represented has the period a, 
or it, without being periodic, it is to be represented by a 
Fourier series of period a, the angle will ba 2'x-x/a instead 
of a. For, if n is any integer 

. 2x(a5±'na) . 2xa! tirix + na) tirx 

gin — i ^=sin , cos -■= — -=iCoa — . 

Cl a a a 

The form of the series is now 


/(x) = A 0 + X ^ ^ ( ^ ) 

To obtain the values of Aq, Hr wo proceed as before, 
but the limits of thc^ integrals will be 0 and a, instead of 0 
and 27r, and \a, instead of — tt and tt, 0 and \a 

instead of 0 and tt. 

For example, the formulae (5), (0), (7) of §52 are re- 
placed by 


aA 




In fiict, in the coefficients A^^, Art Hr in tlie previous 
formulae, the former half peruxl tt is rt!j)lttced by the new 
half period a/2 while the angle x is rciplaccd by ViTrxja, If 
a. = 27r, the new formulae reduce to the nl<l. 

All that has been said as to discontinuities, value of 
series wdien a;c=: — tt and when = etc., liolds good ; thus, 
the value of the series in (1) alx^ve, when and when 
x^a, is l{f(0)+f{a)} if the range of x is from 0 to a. 

Example, Find a sine series that will represent 1 horn, ^»b 0 to 
.r=e. ^ \ ^ 

This problem corresponds to the previous case of a sine senes in 
which X varies from 0 to r ; c is the half period^ so that here a«2c. 
Putting therefore 2<j for a in (1), and retaining only the sin^^firles^ 
we write • 

/{^:)= S ArfiinHf, (i> 

r«l « 
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Now multiply both sides of (i) t)y 8in(7rr4?/c) and integrate from 0 
to e, Aiter integration all the terms on the right of (i) vanish except 
that containing j§r» which gives 

Remembering that/(^)=li we see that the integral of the left 
side of (i) is * 

^ . irrx j r c ' irrx'l^ c . 

/ l.sin — dx—\ cos = — (l~cosr7r), 

Jo c L 'Jrr c Jo 7rr' 

2 

and therefore i5r = ~ - (1 - cos rir). 


Hence 




sin hjsin - 

c 


--fjsin 


. hTTJC , \ .... 

<"> 


The series is zero both when .r— 0 and when x=^c, and is therefore 
not equal to the function for these values of x. 


EXERCISES. XVL 

In each of the exam pies l~4 twelve equidisWit ordinates of a curve 
are given, corresponding to the values 0 , tt/G, 27r/6 ... of the abscissa. 
Analyse the curve into its harmonic components. 

1. 32, 60, 64, 20, 15, 49, 20, -30, -38, 40, 47, 38. 

2. 12, 38, 12, -23, -32, 20, -21, -40, -r2, 34, 56, 45. 

3. 6, 10, 9*8, 6, 2-3, -1, -3-3, -5*4, -7-7,’-8'8, -6,-1. 

4. 19*4, 19*6, 14*5, 4*5, -6*1, -12*4, ‘'-14*8, -14*6, -12*9, -3*9, 
8*9, 15*8. 

6. Show that the quantities aQ, a^, ..., 6i, 63, ... of §60 satisfy 
the equations 

2 A. COS sr6^, ithr— S BtninsrO 
for rs=l, 2, 3, 4, 5 ; while for r=0, 6 

l=fi #=o 

Uq— 2 ^ 1, «6= 2 A,C03S7r. 

«a0 Jl.«0 

Hence, show that may be found from 

Ai^ ... Aq by the same schriue as 12J<„ 6J„ 6A21 ^-^51 

12^6 are found from ao» «i» ••• quantities ^br may be 

found from the quantities Br by the same scheme as the quantities 
QBr are found from the quantities 6,.. 

Apply these results to test the values found in examples 1-4, noting 
that the values CJq, 6J1, ... QBy^ 6B^ ... may be used, the 
calculated values being then Gag, Saj, ... 3a^, Ga^, Zb^y 36*, ... 365. 
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6 . If 4/> equidistant ordinates Vi» y 2 j ... aiv given coiTesmniding 
to the values 0, 6, 26 , ... of j', wheie ip = 7 r/ 2 ji ) ; and if 

4- i Jr eos r.r -f- v ^ j 

r-l r^l 

show that, with the same notations as in .^0, 

2pAr— 2 c't cos rs6, 2/>J.j^_r= 2 c t cos STT am rsd, 

•ssO r~<, 

It ■ p 

2pBr = 2 «in r^e, 2pB,^.^r -= 2 (.-t - 1 ) tt si n n«d 

I -1 

when r is odd ; but 


2pAr— 2 O VOS 2» J .J„.,r -- 2 V, c *08 HIT cos n6, 

f=rO * .0 

2pBr— 2 t^jsinr.Nfy, tpB-xp r- 2 ^/'<cos(.v~ 


when r is even. When 2 /j, the values ar 


fe 


4/>J„= 2 VJv|>- 2 V, COSAX. 

«~0 *e;0 

[The above equatiom» are the most eunvenit'Ut for caleulatiouH. If 
•t;)— 3h the angles that occur are, in degrees, 0 , 10 , ‘2n , oo'* or may 
be reduced to th(*se. Uunge in the arliele lehu nsj to in i:; <ts gives a 
scheme for 3({ ordinates, analogous to that of M fiU' 12 ordinates, 
though necessarily inore/*om[>lic4ited. IVsts analogous to those* give'U 
in exatnple T) can be readily e.stabli.shc‘d for the ease of 4p ec|uidiKtant 
ordi nates.] * 

7. Find a cosine series ffir .r. Test that the series is zero when 
.^=0, and is equal to x wlien .r x. 

8. Show, by ex})an8ing sin./- in a co.sine series that 

. 2/, 2 (‘oa 2./‘ 2ci>s 1,/* 2ct»K0.r \ 

x\ 1.3 3.5 .5.7 t / 

Verify that the .series is zam'o both when ./• -0 and when ,rr=sx. 
What function does the .serit'.s represent when x lies betw’<.*(fn U and 

-X ? 

9. Find a co.sine series that is e<|ual to 1 from 0 to .v -ir/ 2 , and 
equal to 0 from .r=x/2 to ./ “X. What is the value of the serie.s 
when .r has the values 0, x;2, x ? 0 

10. Find a series that is equal to —1 from .r - -x to .v^ '^zrhl, 
equal to 0 from -nj 2 to ,r —0, equalHo I from .r-"0 to jc— x/2, and 
equal to 0 from .r=x/2 to .r-= 7 r. What i.s the value of tlm series 
when X has the values -x, - x 2, 0, x/2, x ? 

11, Find a sine series that is <||ual to ./• frqm x —0 to x-wi'A, equal 
to x/3 from x-tt/S to .r=2x/3, and equal to tt-x from jr^-2x/3 to 
x=^ 7 r» What does the series represent for values of x from ar*=0 to 
J?=*— X? 
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COBC 


12. Find a Bine series that is equal to L 

13. Find a series that represents from -ir to ^=7r. Find 
also a sinQ series for j:^(from x^O to x—v), 

14. Show that, if a is a fraction, 

2owina7r/ 1 cos^r . cos 2^ cosSx ^ 

*• \2a» a^-3^'^'")' 

16. Find, by using example 14, the sum of the infinite series 

a (a — 1 ^a+ 1) (a — 2"^tt-f-2) (a — 3^04*3/ 
where a is a fraction. 

16. Show that, if a is a fiuction, 


sin ax^- 


28ina7rJ 8m .y 
lia-a3 


2 sin 2jr , 3 sin 3 j.' 


4 sin 4.r 




TT 4‘^- 

17. Find, by using example 16, the sum of the infinite series 

_i_+JL_f J_+.J_U/JL+JL i-)+ 

1-0 l+a V3-o^3 + a/^\5-a^5 + a/ \7-tt^7 + «/ 
where a is a fraction. 

18. Deduce from example 8 the sum of the infinite series 

j+J- JH* jV~iV. “ 1^ + • • • 

19. Prove, by integrating both sides of equation (ii), example 1, 
§ 62, that 

(x ~ itY tt® _ cos X cos 2.r c6s 3 j? 

4"* 12~' 1 ’*■“2^7'^ 32 

20. Deduce the equation in example 16 by difierentiating that in 

example 14. I 
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INVERSE CIRCULAR FUNCTIONS. LOGARITHMIC AND 
EXPONENTIAL FUNCTIONS. 


68. Inverse Circular Functions. It is necessary to re- 
men ibor the restriction on the ran^e of the angles denoted 
by the symbols sin^^r, coh Kt, tan'lr, eot~^r. 


^rhe range of siir C' and of tan i.** from -tt/^ to jr/2, ij»du«ivc of 
these angles ; the range of cos~Cr and of cot is from 0 to ir, inclusive 
of these angle.s. For example, 


co.s''i( ~ sin *(-1)“ 

tan-'(- -Jf - 1)-’^^ tan-‘(-*)= cot-'C"®)*"-- 


The arf'uuumt of thepe functions occurs so frequently in 
the coinbinution that it is wt^ll to have the derivatives 
for that corabinatipn ; we therefore state the derivatives for 
both arguments, x and x/a. We supiKxsc a to be positive. 

I, »>*■•■© 

Take the second form, and let y=sin"'(a:/a). Then 

ilx <ly _ 1 

*-=«smy, ^=«co«3/. 


But 


a? a*—®® 

cos^ = l-8inV = l--,= -^-. 


so that acmy^J{fi?-x^y, the + sign must be mven to 
the root, because y lies between - 7r/2 and ir/2, and cos is 
therefore positive. Hence,* 
dy 


1 
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11 




dj' 


and therefore 


Let y = cos “ X^c/a), so that a; = a cos y. Then 
dx . dy — 1 — 1 

dy dx ^anmy a:^) 

The ' 4 - sign must he given to the root, because y lies 
between 0 and tt, and therefore sin y is positive. 

III. Dxtan-ix=--^; I>xtan-iQ = ^2_^. 

Let y — tan - ‘(x/a), so that x = a tan y. Then 

dx „ /I . 1. 9 \ 

i - = a8ec*2/ = tt(l + tan*y)= — 

lit Ot 

dy_ a 

In a similar way it is proved that 

IV. 

From these results we at once obtain*the integrals: 
or = —cos ; tv = - 

or =— cot"^x; or = — cot-^f-). 

a \a/ 

The following important integral is proved in § 45 , 
example 6 : 

VII. |^(a*— x*)dx = lX;^(a*— x*)+ ^a^in 


-'©• 


Note that sin"lr and -cos~U’ dilTer by a constant ; for 
8in“b: - ( - cos“*.r)=sin"^vi?+cos~ij?«ir/2. 

The two functions may therefore be integrals of the same function. A 
similar remark applies to tair*x and ~cot“i.r. 
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69. Worked Examples. For elementary work the chief 
value of the inverse circular functions is that they furnish 
integrals of functions of the form 

1 , 1 
;,/(c + hr — .r- ) + />.r +V’’ 

the factors ot o'^+bx+c In'ing imxifiiinrj/, like those of 
x^+a^. We illustrate by the following e.Kaniples: 


Example 1. Evaluate j — 


</,r _ 

Jjet .v+6 = J/. ; then dx- dn, an<l 


( dx 

1 dn 

• I / \ 

}'VW-{.r^bf)' . 

.1 

) t ) 


Replaciiijt u by x+b, we liml tliat 

Example 2. Evaluate / ^ 

The first step is to reduct* 1 4 - Tm’ IVr- to tin* fi>rni of tht* dificrcnce 
of two squares, that it^, to the form - {x ^ /q- ; of course, when l!ie 
coefheieiit of .r- is not ■* 1 tliere will he a I'ouHtaut factoi'. 

In the present case we lu^ve 


■•") =is (■■■ ;;)”}• 

(■■ i'.O' 


44*5./’ -- 3.r- 

I 


► that 


/ 


In example 1 put ^/7:^/0 for c and -5;fi f<>r b, ami we liud that the 
integral is equal to 

, Lain 5/OV- Mn-f*''':.'’). 

v/3 \ v*'l ' ^/#d/ 

Example 3. Evaluate j ^ 


fix 

(.r4-//)“ + c- 


Put u for and the integral becomcH 
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dx 


Example 4. Evaluate j 
Arrange 5a?2-7a7+8 as the sum of two squares ; we find 


SO that * 




dx 


5 


1 dx 


which, by example 4, is equal to 


1 JO^ 
5 • ^111 

Note that 


tan 


.j/£-7/10n _2_ 

\j\u]io) s/1 11 
i^.^s/iii^iq^ 
c • 10 v/in‘ 


/iiiy 
To 7 


^ ,/]0a;-7\ 


If the constant term (in examole 3) is a fraction, equal to 
say, the factor 1/c is njm ; the student should from the iirat pra(^tise 
writing it as njm and not as l-r(m/n). 

The next example illustrates a method of obtaining a 
power series for a function that is sometimes useful. 

Example 5. Show that, if x^ is less than or equal to 1, 
x^ sd 

tan~'^=5jF~ « + ... tq infinity. 


Dividing 1 by 1 

Integrate both sides of (i) from 0 to ; therefore 


(i) 


tan~ 


3^6 7 ^ jo !+«=*' 


•(«) 


Now, u^/(l 4* w*) is leas than and therefore the area between the 
graph of 4- 14*), the w-axis and the ordinate at xi^x is less than 
the corresponding area for the graph of '^ 42 ^ Hence 


r"< r, 

J, 1+U^^Jo 


u^^du or 


^2n+l 


0 2w-fl’ 


Further, if x^ is not greater rthan 1, x^'*‘^/(27i’hl) is not greater, 
numerically, than l/(2a4-l), and therefore becomes very small when 7i 
becomes very large. Hence we have 

„9h.>1 

.(Hi) 


tan->ar=^;^ ^ ± T . 


where the error made by stopping 
numerically, than ^+V(2n4-1^ 


at the term ^“V(2» - 1) is less, 
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If we find, since tan**l 


TT 

4 


-1 


3 




(iv) 


the same series as in 52, example 2. 

Tlie series (iv) is not very suitable for the calculation of ir* 
better series is obUined by using the identity (J/aMiVs Formula) 


TT 

4 


-4 tan 




A 


Tlie values of tan”*(l/5) and tan“Hl/239) can l>e calculated from (iii) 
with very little labour. 


In Exercises XVIL, examples 37-40, the student will find 
a 4ransforination that is useful in higher work but that 
riuiy be passed over by Iwginners. 


KXKHCdSKS. XVIL 
Differentiate the fu.ictions in examples 1-13. 

1. sin“^2.r. 2. sin ’(l~.r). 3. sin 

4. i*ofl"'(l ~.r). 6. sin~*(fi,r*f /^). 6, tan *(1 - .t.*). 

7, tan 8. .rsiri D/. 9. jr'sin 'D'-fv/(l 

10. i./’- sin - 1 sin' '.r 4*4 ‘*'n'( * 

11. i(.F- l)V(3+-2.«-.«^')4-28iir 

12. .rtan"V. 13. (1 +.rOtan'*j?-.r. 

Integrate the functions in examples 14-^30. 


14. 

1 

V(3-. 

.-'O' 

16. 

1 

16. 

1 

v/<:7::3:^' 

17. 

^(3- 

^■®). 

18. 

^/(T-a^). 

19. 


20. 

1 


21. 


22. 

1 

23. 

y/(aje- 


24. 

1* 

^/(3+4\.r~4wrf)’ 

25. 

V(3 + 4X'--J 

26. 

V(24j; 

-9x^-7). 

27. 

1 

3*fj:** 

28. 

1 


29- 9TO4i+26’ 
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Evaluate the definite integrals in examples 31-36. 
dv 

dx 


31- i 

34. 


Ji 


32. 

35. f 




*>■ .r.^ 

36. f 

Jo 


dx 

^ dx 




37. ii tan ^.r=w, show that 


2w 1 — 

^=2tan~*w, 


Then, show that 

( tan ir), 
J f) + 3co»x J 4+u^ ^ 


f 




38. Show, by the method used in example 37, that if > b\ and a 
positive 


2 


I a^rbcosx — 

oof 


t4rb 

dx IT 

a + b cos X ~ b'^Y 

Verify (i) by ditfcrentiation. 

39. Show that, if tan|.r=?4, 


tan 


{V(aTD'‘^“H’ 


f f —If 5 tan 

J r)-h 3 8 inx~ J t)-jr 0 u-h 5 d^~^ \ 4 / 

40. Prove tluil •* 

dx ^TT 

J_.|r) + 3aina7 4 

60. Compound Interest Law. Suppose a principal of £P 
to earn interest at the rate of p per cent, per anmiin ; let 
the interest be calculated at n equal intervals in each year 
and let it be added to the ][)rincipal as soon as it is earned^ 
so that the interest, as soon as it is earned, begins to bear 
interest. It ivS easy to prove that at the end of t years the 
principal will amount* to 

n/'i . P Y' 
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Let 


lOOn m’ 


or m 


mp . 

100 ' 


^(' +-n»w)"' - -pC' + 5.)’” = ^{(' + s)’}^- 

Suppose now that and therefore m, is very large; the 
interest is thus added on at very short intervals, Bulf when 
m is very large the expression 

(i + M”* 

\ m/ 


is finite ; in fact, it can be shown (see btdow) that when m 
becbmes infinite that expression converges to the number 
2*71828 , usually denoted by e. Again, when n liecomes 

infinite the growth of ih<^ principal may be said to lie 
continuou^^ ; in each interval of time, however short, inUu’cst 
is earned and immediately begins to bear interest. The 
amount A at the end of t years, when interest is adde<l on 
continuously to the principal, is thus 

since L ( 14 * ) — c. 

• in /. ' nt / 


A quantity whidi varies with t according to the law 

• ..1 === / V < 

is such that, when f increas<*s by tspial amounts, A i« 
multiplied by eqmd amounts. Thus, w hen I incrt‘ases by A, 
A will eliango from 

Pe*^ to or from to 

that is, when t increases by A, A is multiplied by 

I'he function is cal hid the exponential function, and is of 
great importance in mechanics and physics. A siinplo 
instance is the law of the density of the air at different 
heights; as we descend a hill, the density of the air is 
equally multiplied in equal distances of descent ; for the 
increase in density per f(X)t of descent is due to the weight 
of a layer which is itself proportional to the density. 


We will assume the result 

L A + i)"*=e=2-71828I8, 
«/ 


( 1 ) 


O.I.O. 


h 
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and refer for the proof to the author^s CcdeuluBy ^ 48, 49. We give 
the following aa a mggeation^ not as a proof. Expanding by the 
binomial theorem^ we have 


{'*ir 


, . 1 , m(m ~ 1 ) 

m 1.2 m- 


1 , !)(?»- 2) 1 , 


1.2.3 


1 . m \ m/\ mJ 




1.2.3 




the (r-l-iy** term being 

\ mJ \ ml \ mJ \ m / 
1.2 3 ...^r-l)r 

When m becomes infinite, each of the fractions 


1 - 




1- 


nv 




becomes 1, and we find 


(i-f ~ y 

A mJ 


^ A, ^ A. 1 ^ 

. 2 “^ 1 . 2 . 3 '^ 1 . 2 / 3 ; 4 ‘^"'’ 


..( 2 ) 


the (rH- !)**• term being 1/r !. , 

The series (2) is an infinite series, but a ^ew terms, say the first 10, 
give a very good approximation to its value. The error due to 
neglecting all the terms after the (r+l)*’^ is less than 1/r (;•!). 

For purposes of reference, the expression of e* as a power series 
may also be given. ^ 

'■-*+f+l!+5i+-+5+®- <"> 

where /?„ is a quantity, depending on x and n. which is small when ti 
is large, and which converges to zero when n becomes infinite. If 
is the numerical value of x (that is, x itself when x is positive, but -x 
when X is negative) /Z,, is less than 

+ 1 ’-Xi)(n !). 

Equation (3) holds for every value of x ; when x is fairly small a 
few terms yield a fair approximation to the value of e^. 

61. Derivatives and Integrals of log x and We do not, 
to begin with, specify the base of the logarithms. 

log(x+fy)---logx 


DJogx: 


c L ^ 

&f«o Sx 
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8x 1 

^5 then, when &c becomes zero, m becomes 
infinite. Now 

But. when m becomes infinite, (l + l/m)’" becorfos e: 
therefore I 

D^log * = - log e. 

if 

If e is the base of the logarithms, then loge = l> and 
therefore 

L Dxlogx=-. 


Unless the contrary is stated, the base wo assume 
for the logarithm will always be e; w’^e thus avoid the 
cumbrous factor logc. Logarithms to the base e are called 
Napierian, or hypeHyolic, or natural logarithms so as to 
distinguish them from logarithms to the base 10, which are 
called common or Bnggian logarithms. Of course the 

derivative of logj^o; is (as we have just proved) | log|^e. 

We can also, by the substitution u^ax+b, prove 

II. D,log(w+b) = ^^. 

For, if u = ax+b 

d . • lo^ V'dti _ ss . ^ 

<ix du dx~ u' t&ic+i’ 


Next, we find the derivative of e“. Let then 

a;=logyand 

- = = so that 

dy y’ (he 

III. D,e*=e<. 

By the substitution u=(ix,'we find 

IV. Dx6V*ae«. 
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From these results the following integrals are obtained : 

VI. je*dx = e*; je«dx=^e« 

To these we add 

VIII. Jv(*Hk)dx=JxV(x*+k)+^klog{i+V(x®+k)}. 

which are proved in examples 1,2; k may be either positive 
or negative, but x^+k must not, of course, be negative. 

Example 1. liy — log \x -f J{x^ + k ) }, find dyjdx. 
bet + ; then 

dy ^dy dn 1 dn _ ^ 

(Lr du * dx dc x + + /*) 

From this result we obtain the integral of 

Example 2. If y == -J -r s/{^^ + k) + .} /: log { .r + + /*)’}, fi nd Dy. 

Take sepamtely .r sl{a^ + k) and k log { x + ^/(.r^ + k ) }. We have 

/)[.r + 1’)] = >/(‘^ + ^) + X . J(.r3 + 1')“^ . 2.r 

2.1'^ + 1' 

D[I:log(a?+s/(.r®+^)l]=-^^^, ... (by example 1). 

Adding these two results a.nd dividing by 2, we find 
Dy=V(-t^+I-X 

from which the integral of V(a:*+I) is obtained. 

These integrals should be compared with those obtained 
(§ 68) when the integrand is l/^(a®— «*) or 
When the coefficient of «® is negat%ve, the integral contains 
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inver^ circular functions; when tlic ooetficient of x* is 
fwaitive, the integral contains logarithms. 


Ej-ample 3. Differentiate log tan ix. 

Let ; then 

djc du dx u 2 “ 

80 that ^ 

dx i2 sin J.r cos J./' sin.r 

From this result we deduce the integrals 

logtaB(Ax+^). 


To obtain the integral of l /cos,r, let.r~w-r/2 ; tlie integral is thus 
reduce<l to that of 1/sin ?/. 

Erawplv 4. Integrate log.r. 

A|)])ly integrati<ui bv parts (^47): take log .r as the product of I 
and log.r, ami Inigin by integrating tlie fa<*lor 1. Thus, 

J 1 . log ,vdr = log .r . ^ - Jx . ^ x log j 1 dx^ 

so that j log x(/x " X log x — .r. 

Example 5. Prove tlmt if x is numerically less than 1, or isjual 
to 4" 1 {not - 1), 

yl J.-3 jA ^ 

log(l x "* J 4 ... to intinity. 

Proceed as in Ji r>0, exarn)»le 5. IHviding 1 by 1 4 we find, 

> J- 1 - 2 .. ^ . f u” 

1 4*// 

and therefore, integrating from O to .r, 




, , , .r* .x^ x^ I ^u”dff 

log(l+x)=x- -2-+3 + l 


(i) 


Now suppose in the first place? that ;r, and therefore ?/, is fmitice ; 
we see, exactly as in § 59, that 

t. ^ 

Jo 1 "h W Jo 


u'^dii or 


n 4" 1 


(ii) 


If X i.8 not greater than 1 the qtiaiitity x"+'/(n+l) i« not greater 
than l/(m + l) and is therefore Hmall when large, and converges to 
zero when n becomes infinite. log(l+x) is therefore equal to the 
infinite .series ; the error, when the series is stopped at the term jc"/n, 
is less than *"+*/(»+?)• 
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Next suppose and therefore Uj t6 h^^ne^atipe ; let -xtj, irhere 
is positive a^d less than 1. Put £e,r k in the iutegtal in (i) ; then 

i i+i- -/.rr^v— <"■> 

The least valuta of the iotegi^ i| therefore, as v 

increases from 0 to th|a^,te|^U^d w le«a than 

except for the one value ^eiiSe as before, hjr considering areas, 



The limit of ,fi becoming infinite is zero, 

provided x, is less than I, as we have supposed it to be. The series for 
Iog(l +^?) therefore holds for negative values of x that are numeric illy 
less than 1 ; the error, when the seriej^ is stopped at the term a;"/n, 
is less than the quantity in (iv). 

When we have the identity^ 

log2=:=l-|-fi*-J + --i (') 

but this is a very bad series for caldlhiting log 2. 

Better series for calculating logarithms may be obtained thus : 

Take first the aeries for log (1 +*r), 


log(l+a?)=^ 


^ a;® 


(vi) 


For ^ put -x; then ^ 

5-i -7- 

Subtract (vii) from (vi) ; therefore * 


.(vii) 


(viii) 


l4-^ _ y4-l 

1-0? * V ’ 


Next let 
so that 

Equation (viii) now becomes 

log(y+l)=logy+2{ 1 +|(^)%1{^)V.4....(«) 


X ^ 1, 

2^ + 1 


from which log(y 4* 1) is found^when log y is known. Thus 




y=2; log3-log2+2|l^ 


_L 4.J_ + 
"6. 3*^7. 3'^' 


■}’ 






then log 4» 2 log 2 ; log 5 is obtained by putting 4 for y in (ix), and 
soon. 
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It ■will be & go^ exercise for the student to eatcnlate the logeriUims 
of the drst ten integers ; the aeries (ix) oonreiges wry rapidly even 
wheny=«2. } 

BXE«CaSfiS. XVlII. 

1, Differentiate andffkig^ a*’ 

2. Differentiate integrate (■»*<«’). 

Differentiate the fonctions in examples 3-34 ; 

*■ log{y/(^+a)W(^-«)}. 

5. log{j;-Ja+V(J^-«fx)}. ^ 6. 

7. log{8iiijr). 8. log(cosjr). 9. 

10. *11. l.>g(l+sin..). 12. logCr+Hinj-). 

13. .r-f log(Hin;?:*4*oos.r). 14. 3r- log (sinr-f 2 <'(>«. r). 

16. ^•tan-».r-logV(l-f;4^*). 16. x+log(j^ +1)4 Uin 

17. .i(.r+ 1) N/(.'^ + 2v+3)+log {r+ 1 +.,/(.<»+ sir +3)1. 

18. xlogx. 19. r”l'>gx 20. J,./ !.+ '"«( *')■ 

21. .re^. 22. 23. .z""' 24. *. 26, 10*. 

26. 10 *. 27. e*aiii.r. 28. r 29. e-’leiii(4j'+5). 

30. e-*'f08(4.r+r>). 31. e“*8in(A.» 4 <•), 32. <>**cos(?uf+c). 

33. ")• 

35. Show that the operation of differentiating ^ i« equivalent to 
multiplying e** by a, and find the n* derivative of e^. 

36. Find the 2*‘, 3*^, and derivatiVea of logx. 

37 OM is the abscissa and AfP the ordinate at the point P(a, 
on tile hyperbola « and /i being both p^ijrive. Hnd 

the area A¥P, A being the vritex nearest P; and show that the 
expression for the area may l)e put in the form 
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38 . Show that, if the area of the sector OAF (example 37, 0 being 
the origin of coordinates) is denoted by .} m, 

«=«Mog(|+f). 

If a = l, 6=1, sho'w that 

a I * 

39 . The curve given by the equation is called c, 

catenaiy ; graph the curve (§ 68, Fig. 36). 

If s is the arc, measured from the vertex (0, a), prove that 

(i>0 + 

40. The curve given by the equation ?/=a Iog8ec(.r/t/) is called the 
catenary of uniform strength ; gi aph the eui ve. 

If s is the arc, measured from the origin (0, 0), show that 

41. Show that the arc of the parabola measured from the 

vertex up to the point whose abscissa is is given by the equation 

Also, {■>'+ 

See, for an apprqpciinate formula. Exercises IX., 16.J 

Find the integrals of the functions in examples 42-48 ; compare 
§59. 

y(3^ + l)' ^ v'(^ + 2.r + 2)' 

:j(:j^+2ax+v^ 

47 . V{(-’?-l)(«-2)}. 48 . V(x3+2a.c+62). 

Apply the method of integration by parts to integrate the functions 
in examples 49-57. * * 

49 . .^7loga?. 50 . Jt'^log.r. 51 . jtf*log^. 52 . xe^. 53 . 

54 . sfisF. 65 . xe-\ 56 . 57 . 
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58. A rope, which is tightly stretched, makes a half turn I'Oiiml a 

cylindrical post, the part APB of the r<»jK» in ctmtacl with the 
lying in a plane which intersects the axis of the post at 0. The angle 
AOP is $ ladians and the tension at /Ms T. Assuming that th«? rate 
--dTldQ at which the tension decreases is emial to /i7’ where is 
the coefficient of friction between the rope amt tfi^post, and that the 
tensions at A and B uie respec ti>i!iify 1\ and 7\ lind the 

lelation between T’j and 7\. * * * 

Find also the relation when the rojxj makes (i) one complete turn, 
(ii) two complete turns round the ])ost. 

59. Calculate, by expiation (ix), example 5, § (51, to 5 decimal places 

the Napierian logarithms of 2, 3, 4, 0, 7, 8, 10, and then lind the 

common logarithms to i decimal places. 

00. If ?/~tan sliow that 


J 3 -f i) cos .7’ 


l' dii 

J 4 -td 




2-f tan |.e\ 
2 ' tan LrJ 


Prove also tliat, if and a positive, 


J a -H o cos .r ^ ^\lr - o-) \ f //) - w v - </) / 

where w-t-an Jj.r, (Compare Kxerois(‘s XVI 1 ., 37- 40.) 


62. Important Examples. The' following f'xtunploK an' of 
great importance iy all a])plicatioiiH of llu‘ exponential 
function. 


Example 1. Find the integrals of c'"eoK(/».r f c) and c'^'sin (hx4-f'). 

Note that these functions dilVer only in tliis, that one has the conine 
and the othei- tlie sine ; the angle and tint c‘\ponential uo? the siirne. 

The integrals may *Ie deduced \<*ry reudily from the derivatives of 
the functions, bet 

r'’^eos (/^r 4-c), r c^'^sin (/>.r4-r’)^ 

DilTercntiate, arranging so that in (he derivatives the cosine tortu 
comes lirst ; we tind 

Du -- o^/‘*cos (hx + c) — />»f" ^sin ( hr 4- e) ' au - bi\ 


Dv — cos {hx -f c) 4- n ( hx 4~ <*) ' ba 4- (n?. 

Now solve for u and c, in terms of Du ami De ; we obtain 
_ a Du 4 “ hDe ^ * IDu 

""" d^+U^’ ''l" ' 

But the integrals of and Dv are a and v respectively ; we 
therefore find, by integrating the last two etpiations and putting for 
u and V their values, 

(C) 

« 
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If the structure of these integrals be examined it will be easy to 
deduce a rule for remembering them. 

The more usual method of evaluating the integrals is that of 
integration by parts. Let 


Pss J«2"*cos(6^+<j)da?, Je^6in(ba^+c)dx, 

To e\«aluate P, begin by integi^cing e" ; we find 

cos(6a?+c)- f^{-bain(b^+c)\cLv= ^ 
a j a a a 

so that aP~bQ=^ e“*cos (bx + c). 

Integrating d**ain(bx-hc) in a similar manner, we find 

bP+ aQ=€^ sin (bx 4* c). 


These two eouations, when solved for P and give the same values 
for the integrals as before. 

Example 2. Evaluate^ e'"^ sin bxdx^ k and N being positive. 


In (s), example 1, put -kior a and 0 for c ; then 



sin bxdx- 


^ sin - 6 ros 


- sin hN-k- b cos hN) , ^ 






(i) 


If we define the integral when one of its lipiits is infinite as follows 
/ e'’^ainhxdx^ L T o"** sin (ii) 

JQ A'saw yo 


we can readily find its value in this case. The limit of is zero 
when N becomes infinite ; also th© functions sin hN and cos hN ^n 
not be numerically greater than unity. Therefore the first fraction 
in (i) converges fS) zero when N becomes infinite, and we find 

We proceed in a similar way in all cases in which one of the limits 
of an integral is infinite. For example 

("«-*<&= L /■"«-*<&= L 
Jo jYaaOO Jo * .y—OO 


r 


' dx 


L 


^ dx 


A 




Example 3. Find the turning values of e“^in(6:»4-c), a and 6 
being p^^sitive. • ♦ 

Let e“^8in(&r+c)««/(;c) ; then 

f{x)^ — <w***8in ^"■•*€08 (6;r+e) 

» -‘e-"{a8in(to-bc)~6cos(ha?+c)}. •<!) 
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This expression may be put in a more convenient form. Choose 
and 6 so that H cos /Csiii d=b ; these ec|uatiuns give 

It = + ^)> tan 0 ^ hf'a (2) 


Since a and b are positive, the smallest value of 6 is an acute angle ; 
this is the value to be chosen, which siK)uld he expressed in radians. 
Equation (1 ) now becomes 

/'(.c)= ~/f€^**'{cos ^Bin(/I.r+c)'-«in deo8(6j’+c)} 

= - sin (/w* 4* c - ^) (3) 

From (3) we see that, to obtiiin the derivative of we 

have simply to iiiultioly c“'*'sin(?».r4-r) by - B and subtnict fi*om 
the angle ; both B ana h arc independent f>f r. Hence U> obtain the 
derivative of the function in (3) we multiply it by - B and subtract 0 
from the angle ; thus 

f'(jr) zzz sin {bx + c - 20), (4) 

as may be easily verified by dii’ect ditlereiitiation. 

For the turning values we put /\x) equal to xero ; therefore by (3) 
the turning values are given oy 

sin(^>.r + c - 0) 0, or bt -f c ~ 0 >?7r 
where n isO, +1, 4 2, Wo shall coniine our atti*ntion to pmitiv** 
values of ,r \ therefore, denoting by .Cj, ... the values of x 
for the value.s 0, 1, 2, ... 7i of we lind 

_0— c 7r*f0“-c 27r-t-0-c 

I i -^1 i > 

, ,, •* //7r-f-0~c 

and, generally, x„^ 

It may happen that the values of 0 and c are such as to make one 
or two of the .smaller value.s of x m'gutive. 

In partictilar cashes li is eJtsy to decidt; whi<‘h are the maxiiuuiii and 
which the minimum values of f\x) ; tlu» geneial case is ctisily deci<led. 
For />•«)= siu(6.r„* 4-c ~^0) - sin (.It • - 0), 

and therefore, siiuje /^^^'"""sin 0 is positive, 

f , if jt=0, 2, 4, 6, ... (even integer) 

«= + , if 3, 5, 7, ... (o<lrt integer). 

Hence f(x) is a maximum for the values .r<), ... of J?, and 

a minimum for the values .Cj, jTj, 4 ^ 5 , ... (§ 24, example 2). 

Tlie student sho ild work out, from the l>t>ginning, the particular 
case in which a »0 l, 6 ==l, c= 0 ; the gjiaph is shown in Fig. 31. In 
this case tan 0=10 and 0 is 84* 18' or r471 radians. 

Xo=l-47, .ri==4-6l, 

/(^o)“0'8e, /(x,)« -0-63, /(;c2)-0-4e, /(x,)^ ^0*33, 

It will be a good exercise for tne student to show that the ordinate 
and the gradient of c“*‘**8in(0J?-l-c)are equal resmjctively to the ordinate 
and the gradient of for those values of 4 : for which 
ha;+c«2mir-f (f»*s0, 1, 2, ...). 



172 


INTRODUCTION TO THE CALCULUS. 


The two graphs therefore touch at the points whose abscissae are 
given by these values of x. 

Since co8(Aj?+c)=sin(/>:r+c+^), the turning values of e~®*cos(6a:+c) 
may be obtained from those of e““sin(6jr*f c) by writing c-f iTr for c. 



Fig. ai. 


The differential equation in the next example occurs 
very freqtiently in physical applications; a special case 
of it has already been discussed in § 4*3, example 5. 


Example 4. Verify that, if is positive^ the equation 

=0 


d^x , 1 dx , 




. 0 ) 


is satisfied by .r= A<?'-***cos(?i^+j5), where A, B are any constants and 
n is given by tlio equation ti^:=zfx — _ 

To verify, we have simply to find and to eliminate the 

dt dt^ 

two constants A, B from the three equations which give x and the 
two derivatives. From the equation 

J7=Ae“***cos(ri^H-5) (ii) 

we obtain by differentiation 

^ =a - \kAe'^*^ cos {nt + i?) ~ nAe^^^ sin {nt + E) 

= - \kx - nA sin + .B). (id) 

Differentiate again ; therefore 

^^k cos(?wf^ sin(»^ -fi?) 

=■ -\k^-r?x-\k{^+\k:^ by (ii) and (iii> 
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Hence, taking all the terms to the left side, we find 

which is the same as equation (i) if or 

Equation (ii) represents (when X- is jvosiiive) what is often tenue<l a 
darned vibration ; it is a simple harmonic inotiift^with a d<H?reasing 
amplitude. Tlie amplitiuks when any value q, is when 

( has increased by \T (where 'F is the period HTvin of thel?ircular 
function) the amplitude has decreased to Tlte ratio of 

the first to the second of these amplitudes is 

the Napierian logarithm 4)f this ratio, namely \lcT, is called the 
logarithmic decrement of the amplitude. 


exf:rcisrs. xix. 

(Calculate the values of the integrals in examples 1-18; k is jxisitivc. 

3. J ^ sin .iv/.r. 


1. 

1 e* sin 2. 

j r'coH J'd.r, 

4. 

COS,/'(^.r. * 5. 

1 e sin 4 »’(/./*. 

7. 

1 e*sin-.jv/.r. 8. 

/ »• ^eosh'd.t\ 


J 

• 

J 

ft. 

10. 

/ ^ i ‘OS (4.r -f- 5) d.r, 

J(f 

11, / e 

Jo 

12. 

r i » 

1 e coi^ fifdt. 

13. r^‘ * 


Jo 

Jo 

14. 

ri( ‘ » 

Jo •''-+4 

i:ju 

17. 

r (l.r 

jl 





d.r 


19. Evaluate f* .>» substitution .r^- a lan u, 

Jo 

20. Evaluate 

p , dJT 

Jo a^cos‘^jc-f k-siiV'^u’ Jq + 

where i^=tan.r, and evaluate t^je integral. 

Graph the functions in examples 22-25. 

22. e'*sinar. 23. e'"*co8 2a-, 24. 300ar. 25. 600x. 
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26. Show that each of the functions given by the following 
equations satisfies the differential equation of example 4, § 62, 
having the same meanings as in that example : 

(i) X =Ce’'^^ Bin (nt + D)i (ii) (EcoBnt-\-Fs\nnt). 

27. Find the value of i which satisfies the differential equation of 
example 4, § 62, aiid also the conditions that and dxjdt^ V when 
^= 0 . . 

28. Verify that, if ft- is negative^ the equation 


d^x . , dx 


+ ft.r=50 


is satisfied by where A, B are any constants 

and m is given by the equation 


29. Verify that the equation 
d^ 
dt^' 


is satisfied by + where A and B are any constants. 



CHAPTER XIII. 

APPLICATIONS. CriRVATURE. BENDING OF BEAMa 
CATENARY. ALTERNATE CURRENTS. 

DOUBLE INTEGRALS. 

63. Geometrical Applications. Let OM I)e U»o nWisaa 
and MP the ordinate of the point P (.t, y) on the curve 
whose equation is 1 / = /(x), and let the tangent at P meet 
the axes at L, K (Fig. 82). 



The line CPO drawn through P perpendicular to the 
tangent LP is called the normal ai P. , • , 

When the. tangent and the normal arc spoken of as liulte 
BegQientB, the portions IjP and Pd intercepted between P 
and the x-axis are the segments referred to. In the sarne 
way the projections of these* segments rin the i;*axi8, namely 
LM and MG, are called the snbtangent and the tataomMl 
respectively. 
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These segments may be expreased in terms of the values 
of Xy y, y' at P, where y' means D^y. If the angle XLP is 
denoted by then 2 /'= tan 0. 

Subtangent =• LM = y/tan 0 = yjy\ 

Subnovinal = MG = y tan 0 = yy'y 
Tangent == y/sin 0 = yj{\ + }/^)!y\ 
Normal = PG = y/cos 0 = y^{ I + y'*^), 

OL = OM yjy' = (xy' - y )/y', 

Oir= — OZtan0= --0L ,y[ — y^xy\ 


Tliosc expressions are true for all positions r>f I* provided the sigm 
of the aoiraents bo attended to. 'J'hus, if the value given by’tlu^ 
formula rc)r LM is neqativcy L will be to the right of M ; because in 
Fig. 32, which may be taken as the standard diagram, a*, y, y' aii' 
all positive, and when y and y' are positive A is to the left of J/. 


To find the eqnafioiia of the tangent and normal (the 
unlimited lines) take Xy y as current coordinates and denote 
the values of Xy y, y' for the point P by iTj, y^, y/. Then 
the equations are 

for the tangent, y — y^ = y j'(cr — x ^) ; 


• I 

for the normal, y — y^ = ,(x — 

Vi 

Note that the gradient of tlit‘ tangent is y/ and therefore 
the gradient of the normal is — l/y/. < 


Example 1. Ifind the subtangent and the subnormal of the elli|:jse 
Sup^se X and y to be positive ; then 






b ^ 


y (ji — ^2 

subtangent =//Jf==* ,= — — 

' y X 

• 

subnormal =»J/C?=yy'= 


X is to the right 


and O to the left of M, 

OL'=^OM LM > 


therefore OL, OM^aK 
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Excmple 2. For the hyperbola find KP : LP, 

KP_OM_Ajii; 

y “ 'a,- ‘“Jt 

Since the ratio is negative P lies between K and L ; KP^ PL, 
Hence KL is bisected at /*, 

64. Curvature. Let P and pjj^e two pointH on a . plane 
curve, ip and 5^ + ^^ the angles whieli the tangent*/ at P 
and Q make with the ar-axis, s the arc measured from some 
tixed point on the curve up to P, and Sf^ tlio arc PQ 
(Fig. 33 ). 

Definitions. The angle Sp is called the total curvature of 
the^rc PQ ; the quotient is (‘ailed the average curvature 
of the arc PQ; and tie* limit of when Q approaches P 
as its limiting position, that is, dp/dx is called the curvature 
of the curve at P. 

For a circle of radius K lla^ are is eipial to RSp, and 
therefore 1 1 

that is, the average curvature of any arc* <»f a eirchi is (»qual 
to the curvature at any ])oint of the eirele. In otlaa’ words, 
a circle is a curv(^ <jf •constant curvature, and its eurvaturo 
is equal to the recipr(it*al of its radius. 



66. Circle, Badius, and Centre of Curvature. Let the 
normals at P and Q (Fig. 33) intersect at O'. We shall 

Q.I.C, JC 
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prove that, when Q tends to P as its limiting position, O' 
will tend to a point 0 on the normal at P as its limiting 
position such that PG is equal to dHjdtft. 

To prove, this, observe that i-POQ^Stf* and, from the 
triangle PC'Q 

t ^ — chord PQ 8s S<p 

sin PQ(J'~ sin PG'Q~ axcPQ ^ sin S<j> 

Now, the limit of lPQC as Q tends to P is 90°; also, the 
limits of the three fractions last written are 1, dsld<}>, 1 
respectively. Therefore, since sin 90°= 1, the limit of PC' 
is ds/d<l>. In other words, O' tends to a point, V say* on 
PC' such that 


PO= 


ds 

d4' 


or 


1 _d<f> 
PO~dH' 


The circle whose centre is 0 and radius PG has therefore 
the same tai^ent and the same curvature as the curve has 
at P. This circle is called the circle of curvature, its radius 
PC (which is equal to dsjdtp) the radius of curvature, and its 
centre 0 the centre of curvature at the point P. 

Wc shall generally use R for the radius of curvature ; its 
reciprocal 1/P will therefore be the curvature. 


66. Expression for the Curvature. The curvature may l)e 
expressed in terms of the first and second derivatives of the 
ordinate at the point. For, since 

, , dy ^ dx 1 

tan<i=j=^> «co8A=-r-= -, 

^ dx ^ da sec ^ 


wo get by differentiating the first equation with respect to a 

d t an^ dif>_d (dy\ ^ 
dtft ^d8~~dx\dx/^ ds' 

that is aecM> X ^ = ^-rsec 

and therefore -f-sec®^ 

da ea®* ^ 


sec*^ = 1+ tan®0 =* I + 


dx) ' 


But 



CURVATURE. 


md therefore + (,) 

aothat ^■('+(<;'i) ■ ■■•• -W 

If the gradient dij/dx is so small that for all vahiia of x 
within the range consi<lered its square; may lx? rejected, 
equation (1) becomes 

ru 

W^df^ ^ d? ^ ' 

'Pho value for ilio curvatun; givt*n by (Jl) is that gimerally 
used in tJu3 approximate tlieory of the; bonding of beams. 

Equation (3) may also he prowd independently. F\»r\ if tlie 
gradient is very small, </> is approximately equal to tan »/> (see ij-ll, 
examj)le 12) and 8.s to its projection Fu\ lleinv, appro3|imately, 

. </'/ 

Fij) S.tan</> ’ flv . . </</> 

V - - . ^ - — r-" ; therefore, / • , * . 

o^f or <\r tfs aar 

Kramph^ 1, Tin; pai aVola // 

• dp "Xr dh/ i2 
d,r^ jd d.r^ p 

/{ ' <h <1.1^ ■ \ ( i' ’ i 

{p-^A,r'p ^ 

Near the origin is very small ; leoice near tin; origin the 
curvature is simply p> 

Example % The ellipse 1- 

2.C Hy dp ... dp /r.c 
& ' ’ tit ■ li-il' 

Tx*"’ 7p «’.'/■* 

But V‘a^+aY=aH;‘ ; simplifying a little, ^e find 

rfSy ?>• 1 ^ _ <r‘t* <1 
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The negative sign arises from the negative sign of 

{y being assumed positive) ; the root implied in the index 
3/2 is taken as positive. In the standard figure (Fig. 33) 

isj positive. When positive the gradient ^ is an 

increasing function and the curve is concave upwards, as it 

is near P in Fig. 33 ; but when is negative the gradient 

is a decreasing function and tlie curve is convex upwards 
for such values. (Exercises IV., example 54.) 


EXERCISES. XX. 


1. Find the equations of the tangent and normal to the circle 

/^2 the point on the circle. 

If the tangent cut the ^-axis at T’, show that . OT is equal to 
R!^ whore -- OM, 

2. Find the equations of the tangent and normal at the point 

(.rj, yd on the parabola What form do the equations take 

if .r. = y I = %it ? v 

Snow that the aubtangent is bisected at t^e vertex. 

3. Show that in the parabola y*= 4 a. 5 r the subnormal is constant. 

Conversely, show that if the subnormal of a curve is constant, equal 

to 2a say, the curve is a parabola y2=4a.r-i- C, where C is any constant. 

4. Find the e(iuation3 of the tangent ana normal at the piint 

(.r^, yj) on the ellipse — What form do these ecpiations 

take if a?! = a coA yi = 6 sin 0 ? * 

5. G is the centre of an ellipse, A A and EB the major and minor 
axes ; M and m are the projections on the major and minor axes of a 
point P on the ellipse and T, t are the points where the tangent at P 
cuts the axes. Prove 

CM,GT^GA\ Cm.Ct^CE, 

Establish corresponding theorems for the hyperbola. 

6. Using the notation of § 63, show that for the adiabatic curves 

KP.LP^-n.X. 


Explain the meaning of the minus sign. 

7. In the semi*cubical parabola show that 




8 a • 
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8 . Show that for the curve ji—ctf' llie suhtangcnt is constant. 
Conversely, show that if the subtangont of a curve is cou.stant, ts^ual 

to a say, the curve is ^ = where C is any constant, 
example 3.) 

9. Find the subtangent, the Hubn»>nnal and the nornml of the 

catenary ;/ — SImw tliat the pcrjitmdionlar fnnuMie f«M)t 
of the ordinate at any point to the tang»*nt at that fKiiiit is of constant 
length. (See § 68.) 

10. Find the aubtaiigent and subnormal of the curve i>f sines, 
y==a 8in(.r/6). 

Find the curvature at the nrujin of the curves 
(i) // == (ii) y " + .r\ (iii) y ^ o.c-, (i v) y - tt,r- -f r r\ 

12. Find the cui’vatiiie at the oritjin of the curves 

(i) y-J'-\-,)^, (ii) y- \ 

(iii) y ~ />./% (i V) y - </./• + /u - -j- e.r’’ f dj *. 

13. The radius of curvature at the point (.i*, y) on the hyperbola 

14. Tlie, radius of curvature of (he catenary <*f exanijilc 0 is y' a, juid 
that of the catenary of nniforni strength y c logsec(.ivc) is csec(.r/c). 

15. Show that at (he^onym on the cui \o 

- 2.C -r " 'i.ni 4- y\ 
the radius of curvature is ^s'5. 


67. Bending of a Beam. On h lunvy nniforni iK-uni, 
which rests horizbntnll.V <>n two suppoits near its ends, a 
lotul is placed and tin- Ix-ani hctids sliylitly. it is remuml 
to lind an expression for the (smjtlc called nfto play by the 
stresses acting across any Kiv. .. cro.ss-,sect.ioii wh'O' 
originally vertical and periKuidicular to the length ot the 
boiun, the croas-seetioii Ix-iiiff ns.snim*d to rcinaiu plane 


when the team is V)ent. i i ii 

In the usual theory it is furtluT assnuMMl that there m 
one set of lilaments, runninfr fn.ia en<l to end ol the lieain 
and forming what is called the siirfime, that are 

neither extended nor contracted. Ut A UDO ( h ig. 34) l)C a 
vertical section parallel to the length of the Ix-ani and lot 
EF be the line in which the section cuts the nfitral surf^e. 
EF is not altered in length but is curved sli/^btly. fila- 
ments in the section ABUC parallel to the original position 
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of EF are bent and contracted when they lie between EF 
and GDt but are bent and elongated when they lie between 

EF tinA AB, 

To find the stress-couple, con- 
sider the given cross-section and 
^nother cross-section which is 
originally parallel and very close 
to it; both remain plane after 
bending but are inclined to each 
other at a small angle. Let ahe, 
def be the lines in whicli they 
intersect the section A BDCy and 
let these intersect at ts*, the angle 
bse being very small. 

The filaments which in the 
strained position are represen led 
by gh and he were originally 
c(|ual and parallel ; he is un- 
changed in length but is slightly bent, wliile gh is bent 
and is also longer than in the unstrained position. To 
a sufficient approximation we have 

and therefore 

be sb 

But (gh---he)lbe is the unital extension of the filament 
gh ; the unitaf extension th<5refore, if bg be denoted by or, 
is xfsb. When g lies between h and a the filament is 
extended and x is positive ; when g lies between b and c 
the filament is contracted and x is negative. 

Now, lot &A be an element of the cross-section through 
defy the point h being within SAy and let E be the Youngs 
modulus of the material. Then the stress exerted across 
&A by the material to the right on the material to the left 

ExSA 

‘ sb ♦ 

But, as the cross-section through def is taken closer and 
closer to the cross-section through ahc, the line sb becomes 
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the radius of curvature R at h of tlie curve be into which 
the beam is bent. Hence the stress acrass a small area ^-1 
including the point (/ is KrSAjR, By §39, example 5. we 
now find for the strevss-couple th(i expreslsion EIIK. 

Example 1. A l>eaiu of uniforin cross-section and length // "with 
a load Ir at the middle, tlie weight«jf tl.e hf^arii being uegfwto^L 

A 


Fig. H5. 

\^lien the coordinates of a ])oint of the beam are «m)ken of, it is to 
bo understood that the |K)int i.s on the unstretchea lino KF which 
represents the curve into which the beam is lient. 

Take the oiigin at the mid point V of the Vieain and let the .r-axis 
be horizontal and the vy-axis vertical, the positive direi tiou of the 
y axis being upwards. Let /*be the point (.c. //). 

The l>eruring moment J/at /Ms the nmment about the horizontal line 
ill the section through t* of all the applied forces on either side of the 
section. The only apjilied force to the right «>f V is the nmction at ll 
wliicli is 0(pial to ^ IT ; therefore 

• U) 

The bending moment* is nnmcricatly c<pml to the strcMH-coiiple ; 
.since the bending is slight the approximate value for I/// may 1 h» 
used. Hence we have 



At the origin I'! botli y aial are zero, so that the constants of 

integration are zero. Integral iug,*we liml as tlie tequation of the 
curve into which the beam is bent 

A7y-Anuy.-.ii.r) (3) 

The greatesst deflection, say, is given by x - \L ; tin rcf«>re 

’ irAV48A7. (4) 

If the section is a rectangle of depth a and breadth h then />» ^ab x a*, 
and therefore y/i- (5) 

If the origin is taken at A and if ?y is measured dommirds {x being 
measured from A towards B) then, as x iiuToases, the gradient dyj^ 
decreases so that d^yjdx^ is n&jatUe. The coordinates of a point 
between A and (7,*l>eing (x, >/) the bending moment at ^ is \Wx. 
Hence the equation for the cur\% of the l3eam is 

( 0 ). 
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Integrating and determining the constants so that when 
and dyjdx—O when we find 

which of course gives the fi^^lne maximum deflection as before. 


Example 2. A beam of uniform cross-section and length L with a 
uniforn^ly distributed load w pes unit of length. 

Take cthe same coordinates for equation (6) of the last example. 
The bending moment at Q is 

if = \wL X ,r ~ wx X ^ w{Lx - (1) 

Hence for the curve of the beam we find the equation 

= ( 2 ) 

Integrating and determining the constants so that y—0 when .r=0 
and we obtain 

AV«/=®|(/,»-2Z,^+j-’) (3) 


The greatest deflection given by .r= iL, is 
^'“38lS7 ’■ 


■W 


If the beam is not merely supported at A, 7? but tnvgentinlhf 
that is, fixed so that the ends are kept horizontal (for example, by 
being built in) a couple K is required for this fixation. The span 
being L and the upward reaction being at A, B as before, tnen 
the equation for the curve is 


( 5 ) 

At A both y ajid dyklx are zero ; therefore t 

‘ ( 0 ) 

Since y =*0 at l^e end ff where 3— Z, we find, by putting ,r—L in (G), 
that A = Therefore 

EIy=^i^wa^(L^xy ( 7 ) 

We see from (7) that dyjdx is also zero at /?, as it should be. 

The greatest deflection, given by .r=^Z/, is y.^ where 
y2 = wL^i 3SAEIy 


which is one-fifth of the deflection when the ends are simply supported. 


68. The Common Catenary. A uniform flexible chain of 
weight w per unit of length is suspended from two points 
A and B ; to find the curve which the chain assumes. 

Any small piece PQ of length* Ss is in equilibrium under 
the action of three forces, namely : — its weight wSs acting 
vertically downwards and the tensions, T and T+^T say, 
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acting at the ends P and Q in the <hreetion of tlie tangenta. 
The three forces are therefore concurront (Fig. 3t>). 



Let €f> and ^ + tin? angle.s \vlii(*h tlu* tangents at P 

un<l Q res})e<dlN ely make with th<‘ (horizontal) ,r-axis. First 
resolve horizontally; th<‘rel‘ore 

( 7’+ (52^)eo.s( — J\*os (t, that ivS, iJ( /’eon 
Hence, tln^ horizonlal component of t he t«‘nsion is constant; 
if this constant is 7'^, %\"o. g<‘t 

rcoH./.- 7; (1) 


Next resolve v(A’tically ; then*fore 
{T+ST)HUii(lt^i)iji)-^ 7\sin ij}^v'6s, that is, 




: V\ 


Taking the limit f<ii’ converging to zero, we tind 


('/(7'sin </») 

(/.S 


; tv. 


.<2) 


Using (1) and noting that (compare § titi) 

d tiill d> d till! </> d,.v d-tf / f 7 i I 

~d8 ' ds^d>^yV'^\d^)y 

we get for equation (2) til*# form 


cP 

d, 
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which is the diiFerential equation of the curve ; the variables 
X, y, tf> here refer to the point P. 

To integrate, let (iy/cZas be denoted by u for the moment ; 
nlso put a for TJw. Equation (3) thus becomes 

1 du _l du _dx ... 

\J{l-\-u^)dx~ a ^ ' 

Integrate, choosing the constant of integration so that u 
may be zero when x is zero ; we find 


log{tt+^(l + it*)}=®, or c«=tt + ^(l+M*). (5) 

0 / 

Again e'^=l/{u+y/(l+u^)} = -u+y/(\+u^). (.6) 

Now, from (6) and (6) we get, by subtracting and dividing 

= ( 7 ) 


and therefore y = (8) 

the constant of integration being chosen so that y=^a wlien 
aj==0. Equation (8) is the re(|uired e(][U{ition. 

The curve given by equation (8) is called the common 
catenary, or simply the catenary. Its graph is shown in 
Fig. 36. 

EXERCISES. XXL 


In the following examples the notation of § 67 is adhered to ; the 
beam is supposed to be of uniform cross-section and to be horizontal 
in the unstrained^position. 

1. For a beam tangentially fixed at A and loaded at the end R, 
the weight of the beam being neglected, the curve is (origin at A) 

111 

2. For a beam tangentially fixed at A and free at the end with 
a uniformly distributed load the curve is 

3. For a beam supported at its middle point and uniformly loaded, 
the curve is (origin at the positive direction of the ,y-axis being 
downwards) 
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4, If m example 1, §67, the origin is at ji and the positive direc- 
tion of the ?/-axi8 is downwards, show that for a point such as P 
between C and B the equation is 

Integrate the equation. 

5. Show that if, in equation (f), Waniplo 2, §67, the origin Is at 
the middle ix>int of AB that equation becomes 

the positive direction of the ^/-axis being downwards. 


6. For a beam supported at its ends and loaded at a |K)int 1) such 
that AD=-a^ DB=^b^ the etjuation for a point between A and /) is 



±\y 

a + h 


0) 


and for a point betNveen B and /> is 


The integral of (i) is 




4' ir 


a -f 6 


h)V 

4/0 


(o 4- 6 - x). 


(ii) 


...(iii) 


and the intograJ of (ii) in 

[Tlie eonMtants aro found fiom the ronditinns (hat (i) and (ii) give 
tin* same values of // iiul of (iuj<hr when x o, ami that for (i) ^*-*0 
when X ~ <) and for (ii) y - 0 when .r~-«4 b.] 

7. ITie detlection yj and the gradient f/\ at. I> in example 0 are 


oV;nv . , o//(/>-(i)ir» 

•’'* "" 3(« + 1>) El ’ •'' ' ' 3(" + 1<)EI' 

8. Show that a in §6H is tlie length (»f a piece of tlieibain whoso 
\veight is efjual to the tension at the lowest p<nnt or vertex of tin? 
catenary. 

9. Slmw- that the tension at any imint of the common catenary is 
equal to the weight of a piece of tl»e enain whose length is o^iual U) the 
ordinate at the |K)int. 

10. If from J/, the foot of the ordinate at P in Fig. 36, a perpen- 
dicular is drawn to the tangent at P to meet the tangent at 6^, show 
tl^t MG^a and GP^'avc cIk 

11. Tlieends Zlof a chain are in the same horizontal and the 
chain beara a continuotisly distributed load, which is uniform per foot 
run of the span (w lb. per foot run). Taking the origin at the lowest 
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point of the chain and the ^y axis vertical (upwards), show that the 
equation of the curve of the chain is y=tr^/2//, where U is the 
tension at the lowest point of the chain. 

If the span AB^%h and if the depth of the lowest point of the chain 
below is c, show that tlfe tension at h is 

12, If the half length j? of the chain in example 11 undergoes a small 
change say through strain or through change of temperature, show 
that the amount by which the chain will sag is approxiTiiately 

[Use the approximate value for namely s — b + given in 

Exercises IX., example 16.] 

13. A cord, whose ends are free, presses tightly against a roiigh 
cylinder along an arc AB, the cord lying in a plane which is normal to 
the axis of the cylinder. If T is the tension at any point P of the cord 
between A and B and if $ is the angle between the radii OA and OP 
(0 being the point in which the plane of the cord cuts the axis of the 
cylinder), show that, when slipping is about to take place, 7'' siitisfies 
the equation 




where /i is the coefficient of friction. 


If the tension at A is 7\, show that T= 


69. Example from Electricity. In tlfis example the nota- 
tion of differentials will be used ; ‘thus, if in time 8t the 
current i increases by <5«, the increment of i is Si while the 
differential of i is diy which is eq\uil to (§. 22) 


The equations obtained are all, ultimately, equtftiovH hrtiveen 
limits, and the small errors due to writing tlie differential 
for the increment disappear. In practical work the 
differential is frequently used in place of the increment; 
thus, in ^§37-40, dx, dy, dm, dW ,,, are frequently u.sed 
instead of Sx, Sy, Sm, SW — 

We consider the case of a variable ciUTent flowing in a 
circuit containing resistance and self-induction. At time 
t seconds let the impressed E.M.F. be E volts, the current 
i amperes, the resistance R ohms and the inductance 
L henries, R and L being constant 
The energy communicated to tlie circuit in a short time 



EXAMPLE FROM ELECTRICITY, 


180 


di is Eidi joulea Of tliis energj’^ tlie amount i-lidi takes 
the form of heat while the amount iLdi gwH to increase 
the energy of tlie magnetic tield or, as is sometimes said, to 
overcome the counter E.M.F, due to self-induction. Ihe 
energy communicated to the circuit is ecjiial to the sum of 


these two amounts. Hence we 

iLdl-VrRdf^^^EUlU (D 

and therefore, dividing by hU, we obtain 

( 2 ) 


as*the e(|Uation connecting the various quantities. 

We discuss one or two simple t‘ases, it being understood 
that E is either a constant or a I’unetion of /. 

To obtain tlu^ itit(‘gral of (2) divide by L, the coefficient 
of dijdt ’j the e(|ualion taki‘s the ibrm 


di H . E 

<it'^ I/"" f; 


(S) 


Now multiply by vvln*r«‘ ii s1h)u1<1 be noted tl)ai the 
eoidficient of t in the ind(‘X of e is the eoetlieient of i in ecpm- 
tioii (3); we gc't, as* can at onee be t{*sie(l by differentiation, 




and therefore, infegrating and putting A for the ('onstant 
of int(’gralion, 

Hi . Hi 

if ^ ^A^YI^Adtrr. A it) ( 5 ) 

where /(/) is the value of the integral 
Now multiply by c tliendbit* 

Ht lit 

i = 

Equation (6) is the. integral of equation (2) or (3). 


Example 1. 
In this case 


A:=^censtnnt='.Ao; *=0 when 

Rt wp 
• 4 .,'“ A a. 


and from (6) 
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When (=0, t=0, and therefore 

+ A=^-EJR, 

80 that (^) 

If we put LIR~T^ then T (which, since the index of e must be a 
pure number, is a quantity of thd same kind as r, that is a tiine) is 
called the time-constant of the circuit If Z=0*01, then 7^= A. 

At the end of jV* of a second th€ exponential term is and tne 
current is ^ 

-B *)=^9(1 -0'368)=0 ()32 

As t increases, the exponential term in (7) R<^>on becomes very small ; 
thus if and the term — c ^0 •082. The value of i there- 

fore very rapidly approaches the steitd^ value E^^ IL 

Example 2. E—E^^m\pt where E^^ is a constant. 

I n this case dt 

m 

_p ^e‘'(lt<»Tipt-pLcoBpi) 

-A„x W 

by § 62, example 1. 

A more convenient form is obtained by puftinp; 

/Z=/rco861, * jo/)— X'sin 

so that tan 6—pLlK 

Equation (8) now becomes * 

p ^ 



and equation (0) becomes 

*~+;p^Tp7?) 

The exponential term deci'cases very rapidly and the value of i 
becomes, after a very short time, 



The jptoc-angle of t, that is the angle pt-d^ is less than that of 
E bjr ft which is called the angle of lag. When expressed in terms 
of time the phase of the current is said to be behind that of the 
electromotive force. 
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1. If in § 69, equation (7), is put for E„’R and if »„ 

the values of i for t equal tf> T,2T, , show that 

• • » , 

^=0 632, j?=0-865, V=0-950, V*0'982. 
^0 *0 h h 

2, Integrate the equation 

- 0 , 


denote 


given that z-Iq when /-O. Calculate tl^e valneH ... where 

q, a'jf ••• have the sjuue nuianiiig as in example 1. 


•3. The current i siitisfies the oenditions of example 1* § G{)» from 
i!--=*0 to t=ti ; at time the elcM-.tromotive force iS^ocejises to acq wo that 
i witUfiew the equation 




from t-^t^ on wan Is. Draw the gniph of i. 

4. If at time ir. the ease of example 1, ^ GO, the n^wistanee is 
Hurhlonly incieased to )f|, wJiere //j is constant., show that for valuea 
of t greater than 

fc... 1 i } 4. - » I 1 .. C* 1 M*" ■ • 

ffi\' ^ i^JiV i" 

5. Show that for the value of i in example I the product f/f, 
tends, as t is taken nearer iyul nearer to q, to the value 


-c ' j, ui’ simply • ' 


if IhJL is at all largiv (Note, for example, that c ^‘qv() 0rH)045 h) 

6. In the case of example If show tha^ the ijuiintily of 
electricity, y, that traverses the circuit in con.sequcnce of Htdf-indut*tion 
from f— q to by the etpmtion 

‘-r’- 

If q=0 and q is very large show that 

hK, 




- TL 


where is the steady value of the current and 2^ the timo-eonstant* 
Give the graphical interpretation of Q, 

I Show that the work done against the electi’omotive force of 
self-induction in the case considered in § 69, as the current increases 
from zero to the value is J 
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8. If i = /sin {pt + a) show that 
Note that cos.i?=8in(a;+fr/2). 

9. Find (i) the Average value, (ii) the n.M.s. value of the current 
i (example 8) for a complete period, (§ 48, example 2.) 

10. For the value of i in §69 (11) show that, if R is very large 
compared with pL^ the value of i is 'approximately 

sin pi, 

while if pL is large compared with It the value is approximately ^ 

t~ cos pi. 

11. Show that tlie energy communicated to the circuit during one 
period /( = 27r/p) in the case of §C9, example 2, is 




I’bu-I 


E* 2 

^ ^ COS^ 

2 ’ 


and that the mean value of Ei for the period T is 
1 a W 

12. If A’ and i are the r.m.s. values of E and i for the period T 
show that the mean value WIT\\\ example 11 is 

= A X t X cos 


13. In §69, example 2, determine the constant A if ?*=0 when 1 = 1,. 
Work out the Wution and ropi'^'sent it graphically if /I -^50, A— 1, 

p=:l000, pli — ^=7r/6. (liedell and OrehortJ, AlUTnatiny Currents, 
p. 56. London : Whittaker.) 

14. A condenser of capacity C is charged till the potential difference 
(p.D.) of its plates is Fq ; the two plates are then connected by a wire 
of resistance R but of negligible inductance. If at time 1 the p.d. is F, 
the charge Q, and the current i, then 

Q^cv, 

and therefore GR'^]- + r=0. 

Show that (i) r= V"®*; (il) 



EXERCISES. XXII. 


m 


IS. If in example 14 tlie inductance is L, then 

9-cr, i. -''V + 

„dtb.r=f.r, 

[This equation is of the form givey iu example 4, §62. In the 
notation of that example * V * - 

k^R L, 

Hence if 4L>CR^j T is periodic with tlciniisimr aniplitiidt*. while 
if 4Z< Fia not ])eriodic.] 

70. Double Integrals. The notation of douhlr intcj^rals 
occurs so frequently in elementary applieatioi\s of the 
calculus to mechanics that it st‘cms proper to ;j^ive an ex- 
|Jamition of it. The follo\vin<^ ])rubh‘m, thou^di it may Ih> 
solved more simply otherwise, shows cl(»arly the nature of 
double integration. 

Examph. F^iiid tlie .second moment of an ellipse ahont an axiM 
througli its I’cntro perpendicular to its pl.ane. 

I*ct the CMjiiation of the elli})se (Kig. 37) he 

h- (J) 



Pig, 37. 

Divide the ellipse into a large iiumlxu' n of sn»all njctanglea by 
di'awing tvro sets of straight lines ixai’allel to the axes ; patioiwof the 
rectangles at the boundary of the clliiwe wiJI, of course, lie outside 
the ellipse 

Let ^RS be a typical rectangle; OM^Xy 
PS^ rect. PQRS^ SxSy *= SA. 
o.i.a 


5 
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The second moment of 8A is, approximately, OP^ . SA which is equal 
to (a!*+y*)8d, and therefoi-e the second moment of the ellipse is, 

approximately, 2(aJ!+ya)8d or (2) 


where the summation 2 is to be extended over all the n small 
rectangles. _ 

The required moment is the*ctr]^tt to which the sum (2) converges 
when fi becomes infinite, each^ rectangle at the same time converging 


to zero. ^ 

To obtain this limit we proceed as follows. 

Firsty let X and Sx be Kept constant, and sum with respect to i/. 
This operation will give all the terms in (2) that arise from the 
rectangles in a strip parallel to the y-axis ; if x^OM^ &r= it will 
give all the rectangles arising from the strip K'L'LK, Wheji 
converges to zero, the limit of the part of (2) thus arising is 


CMK 

Sx 


(3) 


In finding this integral it must be remembered that x is treated as 
a constant. The integral will contain x (or OM)^ MK and MK\ But 
by equation (1) ^ 

( 4 ) 

(h Q/ 


so that, on the whole, (3) contains x and the constants a, h, B"or 
brevity, let (mk * 



The terms of (2) arising from a strip parallel to the y-axis have 
therefore for limit F(x)hx. 

Secondly. Find now the limit of '2F{x)Bx^ that is, find the limit of 
the sum of all the terms arising from the strips like K'FLK, The 
limit of this sum is 

( 6 ) 

When F{x) is replaced by its value (6), the integral (6) is written 
thus t cmk 




which is called a double integral. 

The mode of deriving (6) shows that (7), which is merely the fuller 
symbol for (6), means : ^Integrate with respect to y from y^MK' 

to yf=sMK^ treating x as a constant during this integration \ them integrate 
the result with respect to x from x= — a to x^a. 

We might also find the limit of (2) by first keeping y and hy 
constant. Instead of (3) we shouldf have 


Sy 
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vhich arises from the strfp C’ODiy, and instead of (7) we should have 

/y (9) 

In (9) we first integrate as to ar, keeping y constant, from x-EC to 
where by (1) 

EC':= +|V(6*-.y*), 

and then we integrate the result as» to y from y = ~ 6 to y = ^ 

The evaluation of (7) or (9) is not hard ; take (7), theii 

( 10 ) 

We have now to integrate with respect to x from a'= - a to a7«a. 
Since the integrand contains only even powers of the integral will 
be twice the integral from x—0 to x^a. To integrate, put a?==c« sinw 
and we find 

£ ? 

rf 

= Aah I ' (a^ sin% cos% + co^^u)du 


The area of the ellipse v» irdb^ and therefore the square of the radius 
of gyration is 

Instead of the symbols (7),* (9) the form 

j j (x^+y^dxdy ( 12 ) 

is often used. To mabe this symbol quite definite some phrase must 
be used to indicate the limits ; for .example, “ the i.itegration being 
extended over the area of the ellipse,” th» particular method of 
effecting the integrations being left unstjited. 


Enough has been said to indicate the general meaning of 
a double integral; for further details see the author^s 
Calculua, §§ 135 , 136 . 



CHAPTER XIV. 

GRAPHICAL INTEGRATION. 


71. Graphical Construction of Derived Curve. In § 20,the 

meaning of the expression “derived curve’’ has been ex- 
plained. We now state a graphical method of tracing the 
derived curve of a given curve. 



e Fig. as. 

Let A PB (Fig. 38) be the given curve, referred to OX, 
of coordinates. Through any convenient point 
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0' on the 2/-axis draw O'X' parallel to OX, and take 0'X\ O'Y 
as the axes for the derived curve. 

Let Py be the tangent at any point P on the given curve, 
and let Oif=a?, MP = y=f(x) be the* coordinates of P. If 
PR is parallel to OX and RT perpendicular to PP, then 


iy. 

dx 


tan PPP = 


RT 

PK 


Now take a point U on O'X' to the left of 0' and draw 
Up parallel to PT to meet the common axis of ordinates 
at p. The triangles UO'p and PRT are similar; therefore 


&p_RT_dy 

UO'^PR^dx^ 


dlL 

cix * 


mr. 


Produce PM to cut 0*X' at il/' and draw pP' parallel to 
O'X' to meet PM' at P'\ then 


;>/'P' = 0p- 


dy 

itx 


. U0\ 


If the unit segment for the ordinat(‘s of the derived curve 
is taken equal to (/O', then 


M'P' = 


dy 

}ix 


so that M'P' is the ordinate of the derived curve correspond- 
ing to the point P on the given curve. I'lie abscissa O'M' 
of P' is e(pial toHhc abscissa OM of P, and P, P' may 
be called corresponding points, ilfP, M'P' corresponding 
ordinates. 

To find the point corresponding to any other point Q on 
the given curve, draw Uq parallel to the tangent QS to 
meet the p-axis at q and then draw qQ' j)arallel to O'X' to 
meet the ordinate of Q (produced) at Q'; (/is the point 
corresponding to Q. 

In this way we can find any number of points on the 
derived curve and then, by drawing a fair curve through 
these points, the derived curve itself. 

72. Integral Curve. If* we denote any ordinate of the 
derived curve by y', so that y' = fX^) ^ dyjdx where y or f{x) 
is the corresponding ordinate of the given curve, then the 
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area (yMFA' bounded by the derived curve, the two axes 
and the ordinate MF is equal to 



But this integral is equ^l to /(O), that is, to 

MP—OA, In other w6rds, the area bounded by the 
derived curve, the two axes ©f coordinates of the derived 
curve, and the ordinate at any point of the derived curve is 
equal to the corresponding ordinate of the given curve 
diminished by the ordinate at the origin of the given curve. 

In the same way we see that the area M'N'&F is ecfual 
to the ordinate at G diminished by the ordinate at P, namely 
NG-^MP. 

With respect to the derived curve, therefore, the given 
curve is such that the difference between any two of its 
ordinates is equal to the area bounded by the corresponding 
ordinates of the derived curve, the x^axia of the derived 
curve, and the derived curve itself. From this property the 
given curve is called the integral curve of the derived curve. 

Of the two curves APG, A'FG' either may now be con- 
sidered to be the given curve;, if APG is considered as 
given, then A'P'G' is its derived cjirve, while if A'FG' is 
considered as given then APG is its integral curve. 

In the expression for the area, namely MP — OA, the 
term — OA is the constant of integraticfn ; if the axis OX 
be drawn through A this term will disatoear. In practice 
the origin is* usually choseh so that the integral curve 
passes through it ; the ordinate MP then measures the area. 

Before stating a graphical construction for the integral 
curve we shall refer to the question of units (see also § 32). 
Expressing MF explicitly in tenns of U0\ we have 

M'F=^. U(y, so that ^M'Fda:=y. UO’. 

For both curves the cc-scale is the same, say a inches = 1. 
Let the y-scale of the integral curve APG be b inches =1. 
The scale for the ordinates of the curve A'FC' is ; 

let inches. 

The value y.UO' therefore represents yxbn square 
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inches; y = 1 gives bn sq. in., y = 7 gives 7bn sq. in, and so on. 
If, for instance, the t/-scale is 1"?=20 and if then 

6 = 1/20, u = 3/4 and the value y — 7 represents 7x*^Xf, 
that is l^ths of a square inch. • 

If all the values are expressed in inches, then the number 
of inches in the ordinate of the integral curve multiplied by 
the number of inches in UO' will give the number of square 
inches in the area, when the integral curve goes through 
the origin ; if the integral curve does not go through the 
origin, it will be necessary to subtract the corresponding 
value of OAy the ordinate at the origin. 

We have chosen the unit for the y-scale of the curve 
A'P'(7 to be UO'] it is easy however to make the necessary 
changes when the unit is oifferently chosen. 

73. Graphical Construction of Integral Curve. The follow- 
ing method of constructing an integral curve is based on 
that of § 71 for drawing the derived curve. 

On the aj-axis O'X' of the curve whoso integral curve 
is to be drawn, lay off from 0' equal short segments OTj, 
lj2p 2i3p ... and through the points Ip 2p 3p... draw 
parallels to the common y-axis. (Fig. 39.) 

Let the ordinates at 2p 4,, Gj, ... cut the given curve at 
2', 4', 6', ... and let 2", 4", G", ... be the projections of these 
points on the y-axis; 0' is tlie point at which the curve 
cuts the jy-axis, | 

Let us take tht5 integral curve that passes through 0; 
then the tangent to it at 0 is parallel Bo U0'» Draw 
this tangent and let it meet the crdindte through 1^ at 1. 

The tangent at the point on the integral curve correspond- 
ing to 2' is parallel to Z72". Draw 13 parallel to U2" cutting 
at 2 and meeting the ordinate drawn through 3^^ at 3 ; 
2 is the point corresponding to 2'. 

In the same way draw 35 parallel to U4>'\ cutting 4^4' at 4 
and the ordinate through 5^ at 6 ; 4 is the point correspond- 
ing to 4'. 

The construction may be repeated and we thus get a 
series of lines 01, 13, which are, approximately, 

tangents to the integral curve, the points 0, 2, 4, ... being 
their points of contact. 
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The point 0 from which the construction begins is, of 
course, arbitrary but when that is fixed the integral curve 
is determinate. The position of the other points 2, 4, ... is 
approximate ; a discussion of the nature of the approxima- 
tion is given in <the author’s Calculus, § 83. 



The lines through Ij, 3^, Sj, ... parallel to the y-Sixm are 
often called median lines and the lines U0\ U2", 
direction lines. 

It is difficult to draw a derived curve with any consider- 
able degree of accuracy, because it is difficult to draw 
accurately the tangent at a point on a curve. It is, however, 
easy to obtain great accuracy in drawing an integral curve. 

The integral curve of the integral curve is called the 
second integral curve of the given one ; the integral curve of 
the second integral cul:ve is called the third integral curve of 
the given one, and so on. 

If P is any point on a given curve and P', P^, ... the 
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corresponding points on the first, second, integral curves, 
and if y, 2 / 2 , ••• are the ordinates at P, F, F\ ... respec- 
tively, then the gradient of ilie first integral curve at Jr' is 
2 /, the gradient 01 the second integral curve at F* is j/^, and 
so on. This property of corresponding tirdinates is con- 
stantly used in applications. 

The integral curve of a straight line ?/-/>, parallel to the :r’-axis, is 
the straight line y^ — hx^ whoso gilidieiit is h. 

The integral curve of a straiglit lino y^ax-^-h^ not parallel to the 
^-axis, is the parabola, — 

In each case the integral curve luis been su}»])ose(l to ]>ass through 
th^ origin ; of course, if it does not pass through the origin there will 
be a constant term. 

74. First Moments. We shall now apply th(‘- method of 
graphical integration to the determination of fii-st and 
second moments of plane areas ; the area is supjiosed to bo 
bounded by a curve, tlie coordinates axess and an ordinate. 
We begin with first moments, and take the im^blem of 
finding the first moment of tlui area (h\ lU^ tibout 

any axis in its plane perpendicular to OA, 

Draw O'FB' the. integral curve' of OPB and let M'F, 
N'Q' be the ordinate^ coi*!'e\sp()nding to Ml\ NQ re'spectively. 
By the fundameuital property of the inte'giul curve', the 
areas Oil/P, ONQ are'e'jual re.\s})ect.ivedy te) tlie ordinatejs 
MF\ N'Q\ and the'refore^ tlui aie'a eif the strip i7iYyP is 
equal to N'Q' — MIF, 

If y denote any ordinate of the given curve we^ shall 
indicate by 2/1 coTTe*spmding oidina^e oi the first 

integral curve, by 2/2 tlie corresponding ordinate ol tbo 
second integral curve anel so on; 11ms if MP^y tlien 
ilfP' = 2/r We shall also use the notation of diftereutials 
dXy dy, dy ^, . . . instead of tliat of incnmients 6x, oy, SfJxi .... 
(See ^ 69 and § 22.) 

Now let 

OM—x—0'M\ MN-dx^M'F, MP-y, M'F^y^) 
then FQ^M'F^dyy 

The area of the strip MNQP is equal to ydx\ but this 
area is also, as we have seen, equal to N'Q There- 

fore we have the important result 

ydx^dyy 
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Similarly, we have yidx — dy^y y^dx^dy^, and so on; 
these results are in fact mere consequences of the definitions 
of the curves. 

(i) Let the axis of moments be AB. 

Through P', draw parallels to O' A' meeting AB at 
.E\ F' and OF at H\ a respectively. Let OA^a\ then 
MA^a*^x^FE\ 



The moment of the strip MNQP about AB may be taken 
as MA.ydXy or (a — a:;) which is equal \K) {a--x)dy^. 
But {a'^x)dy. is equal to P'E' , E'F' which may be taken 
as the area of the strip P'E'F'Q', Their^fore the moment 
of the strip MNQP about AB is equal to the area of the 
strip FE'F'Q'^, Hence the ‘moment of the whole area 
O^jBP about AB is the sum of the strips like FE'F'Q', 
that is, is equal to the area O'A'B'P' of the first integral 
curve. 

(Note that, when the area OABP is divided into strips 
by a series of ordinates, to each of these strips like MNQP 
will correspond a strip of the area O'A'RF like P'E'F'Q ' ; 
integration for the first moment is reduced to integration 
of the strips of the area O'A'RF, Similar correspondences 
will be met with repeatedly in^this method of graphical 
integration.) 

(ii) Let the axis of moments be OF. 

The moment of the strip MNQP about 0 F is cc . ydXy or 
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xdy^, which is equal to the area of the strip H'FQK' of 
the area O'FB'C', where O' is the point on OK at which the 
parallel through B' to A' O' meets OK Hence the moment 
of the whole area OABP about OK is equal to the area 
O'PFC'. 

(iii) Let the axis of moments be LL'D', any line per- 
pendicular to OA and not intersdbting the area OABP, 

If O'A', C'B' are produced* to meet LL'D' at X', D' it is 
easily seen that the required moment is the area O'L'D'B'F; 
the proof is precisely the same as for case (i). 

(iv) Let the axis of moments be 3IP, any line perpen- 
diihilar to OA and intersecting the area OABP, 

The moment of the area OMP about MP is by (i) equal 
to the area O'M'P ' ; the moment of the area 31 A BP about 
31 P is by (ii) equal to the area P B'li', where li' is the 
point at which ifP meets C'B', Therefore the required 

moment is the difference of these areas. 

• 

75, Various Constructions. The moment in case (i) of 
§74 is the area O'A'B'P' of the first integral curve, and is 
therefore equal to the ordinate of the second integral curve 
corresponding to A'F or A B, For the sake ot clearness 
we shall draw ftie second integral curve in a sc])arate 
diagram, retaining O'A^ as the cc-axis ; points on the second 
integral curve will be denoted by letters with two accents : 
thus, P" corresporJs to F on the first integral curve and to 
P on the given curve. (Fig. 41.) 

(a) Centroid of Area. Let the tangent 'at B" to the 
second integral curve cut O'A' at G" and O'Y at V" : the 
centroid of the area OABP will lie on the ordinate 
through G". 

From the figure, the gradient at F' is A' B"lO" A ' ; but 
the gradient at B" is also equal to A' Fy the ordinate at F 
on the first integral curve. Hence 

But A'F is equal to the area OABP, and A'F' is equal 
to the moment of that area about A'B', so tliat the centroid 
lies on the ordinate through G'\ 
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(6) Moment of Area about OF. In case (ii), §74, the 
moment is equal to the area O'P'B'C' (Fig. 40), that is, to 
the rectangle O'A'B'C' diminished by tlie area O'A'B'P". 

Now, the integral cdrve of the straight line O'B’ is the 
straight line th^iugh O' parallel to the tangent G"B"; if 
this straight line meet A'B" produced at b" (not shown in 
figure)* then .4 't" will be 'equal to the rectangle O'A'B'C. 
From A'b" subtract A'B", which is equal to the area 
O'A'B'P', and we obtain B"b" as the line wdiich represents 
the area O'P'B'C ; but R'b" is equal to y"0', and therefore 
F"0' represents the area O'P'B'C, that is, the moment of 
OA BP about 0 



(c) Moment of Area about LL'. Let 0"B' be produced to 
meet the axis LL' at L", and let the integral curve O'H' of 
CB! be produced to meet LB at I” (not shown in figure). 
The line L'l" will be equal to the area of the rectangle 
O'L'D'C. Also, LT is equal to V"0' which, as we have 
just seen, is equal to the area CFRC\ therefore L'l"— L'l", 
that is, L'L" is equal" to the area CL'D'B'P'. Hence L'L" 
is equal to the moment of OABP about LL. 

(a) Moment of Area about MP. This moment is. the 
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difference of the areas O'Jtf'P' and P'B'R' (Fig 40). Suppose 
O'M'P' less than P'B'R') the moment is then P'B'R'-- O'M'P', 
Now O'M'P'^M'P" (Fig. 41). Also P'B'K is equal to 
the rectangle M'A'B'R' diminislied .by M'A'B'P'. But the 
rectangle is equal to M'A' xA'B', and M'A'B'P' is equal to 
A'F'^M'P". Therefore ^ 

P'B'R' - O'M'P' = M'A ' X A'lr - (4 'B" ^ M'P ") -- M'P: 

A'B' A'B" 

^M A X » since A B = 

A'U" A' 7^" 

If P'M' be produced to mec^t V"B" at ii", then 
A'B":G"A'=R"M':M'G\ 
so tliat P'B'R ~ O'M'l^' - R 'M'. 


VV’hen the axis y)ass(\s through G" tlu'. monuuit is z(TO. 
We have tluis another proof that the centroid of the area 
lies on tlie ordinato tlirougli G". 

General Rule. By <‘xa mining the various cases we see 
that the moment of the area OABP about any axis per- 
pendicular to OA is (‘({iial to the line intercepted on the 
axis between O'A'.and the tangent V"B" to the second 
integral curve at B". 

(e) Moment of Strip MNQP about AB and about OF. 
Let the tangent at R' meet A'B" at T" and O'F at i" 
(Fig, 41). Then I by the general rule applied to the area 
Oil/P, the mom(/nt of OMP alxnit AB is A'T". If the 
tangent at Q" (Fig. 42) meet A '/f at,7^\, then the moment 
of ONQ about AB is A'T'y Hence tluj moment of the 
strip MNQP (the difference of ONQ and OMP) about AB 
is T"T"^ (Fig. 42). 

Similarly it will be seen that if the tangent at Q' meet 
O'Y at the moment of the strip MNQP about OF is 


76. Second Moments, We shall find the second moment 
of the area OABP (Fig. 40) about any axis perpendicular 
to OA. 

The second moment sjx^ut AB is, the previous notation 


being retained, 
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Integrating by parts, we find 

I («--a:)^ycfo: = |^(a— + 2 J {a—x)y^da>. 

But (a— flj)2=0 wheil x=a, and yi = 0 when a:=0, so that 
the integrated paVt is zero. Integrating again, we find 

£(a - xfydx = [2(a -» ®)y 2 £+ 

The moment is therefore twice the area 0'A"B" of the 
second integral curve, and is therefore equal to 2A'R" where 
A'B"' is the ordinate of the third integral curve correspond- 
ing to AB. ' 

We have given this proof because of its simplicity ; we 
shall however discuss the various cases in a manner similar 
to that adopted in §§ 74, 75. 



(i) Let the axis of the moments be AB. 

The second moment of the strip MNQP about is 
(a—x'fyda:, that is (a—x).(a—x)ydx. But (a—x)ydx is 
the first moment of the strip about AB, and is therefore, 
by§75(c), = rTV . 

The area (Fig. 42) bounded by the arc the tangents 
P"?", and the line T"T'\ may be taken as a triai^le 
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with vertex P" and base T^'T\ (any error due to this 
apj)roximation will not affect the limit of the summation 
which gives the moment of the whole area OABP\ The 
altitude of this triangle is a— a?, so that is 

equal to twice its area. 

Hence the second moment of the strip hilNQP about AB 
is twice the area P"T"T'\Q"^ ‘ 

Proceeding now as in ^ 74 (i^ (see the remark made at 
that place) we find that the second moment of the whole 
area OABP about AB is equal to twice the area O'A'B'^ of 
the second integral curve. 

jfii) Let the axis pass through the centroid of the area 

OABP. 

Let la jienote the second moment about the axis through 
(?" parallel to AB; we know [§75 (a)] that this axis passes 
through the centroid. Then, by 1'heorem 2, Iq is 

equal to the moment about A U diminished by the product 
ot the area OABP and G"A'-. 

But the area is equal to A'B\ and A^B' y. G'^A' is equal to 
A'B" ; therefore 

la = 20' A'B" r' - G"A ' X A 'B' 

= 20' A 'irr' - 2 AG" A'B" 

^20'0"B"P", 

(iii) Any axis perpendic\ihtr to OA . 

Let the axis be, for example, MP or M'P'[; then the 
moment is equal Ao IqA-A'B' xM'G"\ But A'B' xM'O" is 
equal to R"M', and therefore A'B'xM'G"'^ is* equal to 
R"M' X M'G", that is, to tw\ch the triangle M'0"R". Hence 
the moment about MP is equal to twice the area 0'G"B"P" 
together with twice the triangle M'G"li". 

Similarly the moment about OF is twice the area 
0'Q"B"P" together with twice the triangle the 

moment about LL' is twice the area O'L'L'nP", 

77. Construction for Second Moment. Let the integral 
curve of the straight line V"G"B" be constructed with G" 
as origin, and let B'" be the point on the integral curve of 
0'P"B" (that is, on the third integral curve of OPB) cor- 
responding to ir. (Fig. 43.) 

The ordinate A'B'" is equal to the area 0* A' B^^ and the 
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ordinate A'b'" ia equal to the Iriangle 0"A'E'. Hence h'"B" 
is equal to the area 0'G"B'F', that is, to 



Draw O'" A'" parallel to O'A', at a distance below O'A' 
equal to then the second moment of the area OABP 

about any axis is twice the line intercepted on the axis 
between O'" A'" and the parabola 2 ^' "G''b"'. For example 
the second moment al)out M'"p"' is 2M"'p"’. 

78. References. The method of graphical integration 
has in recent years been extensively Applied in the treat- 
ment of problems in mechanics, but the discuasion of its 
various uses would lead us far beyond the scope of a 
mathematical text-book. It is hoped however that enough 
has been said to enable the student to apfjly the method in 
his further studies. A few references are here given. 

The standard work is the book of M. Abdank- 
Abakanowicz, Lea InUgraphea; la courbe irUdgrale et sea 
appUcationa (Paris : Gauthier- Villars), of which there is a 
German translation by Bitterli, Die Integraphen (Leipzig : 
Teubner). This work contains a full description of the 
Integraph — an instrument for tracing integral curves. 

An article by Prof. W. F. Durand in the Sibley Jowrud 

E'ngineei'vng, January, 1897, and an article by Mr, John 
G. Johnstone, The Uses of the Integ^uph in Ship Calcida- 
tiona, in the Transactiona of die JnatittUion of Engvneera 
and ShipbuUdera in SeoUand, March, 1904, will also be 
found useful. 
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97. 

1 

98. 

1 

5/(2 -3xK 

81, 

10 -6a 

32. 

720 


a.i.e. 
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4 


35. h+2ct. 


2V(3«-4) 




... 38. .3(2«-5). 89. a-j.y 


'jA 1 

41. 42. ~ + 


1 

3 2a:* 


45. 4 + 


sjx“ 




■3 (3a: + 2)* 


2V(3^4-2) 


44. 2Vx. 

(3a: + 2)3 
9 

1 

2(2a:-3)‘ 


Exercises. HI. Paok 39. 

1. Max. 28 J at a; = 2 !. 2. Max. 21 J at a;= l^’. * 

3. Max. 4 at - ]. 4. Max. ^ at a:= 

Min. 0 at.«=l. Min. - 6 atx = 2. 

Point of inflexion (0, 2). Point of inflexion (|, - 2 ^). 

5. Max. 17 at a:~ , 1 . Min. - 10 at a:=2. Point of inflexion ( J, 3?.). 

6 . Min. ~ 30 at flj= - 1 . Max. 2 at a:= 1. Min. - 3 at a:= 2 . 

7. Min. - 1 1 at x ~ 1 , Points of inflexion (0, - 10), (jj, ~ lOJ ?)• 

8 . Max. 11 at .r~ 1 . Min. - 17 at a*- 3. Poiints of inflexion 

, 0 . 10 ), ( 1 :^. tyy, 

9. Max. at x~- }• Points of inflexion (T), 1), ( - 1, 0). 

10. Max. at x= 5 . Min. 0 at x~l. Points of inflexion 

mm /fl-N'fl 1656 + 84^/3 \ /6 + ^6. 1656 -84^/3 \ 

' ’ V * 100000 V 10 ' 100060 / 


11. Max. 
Ml,,. 


12. Min. -6^3 at x= - v^*l* 
Max. 0^'3 at a:=x’'3. 


Point of inflexion ( 2 , 0 ). l*oint of inflexion ( 0 , 0 ). 

13. Max. 20 J- at x— - Min. 0 at .t:=0. Max. 20 J at 

Points of inflexion ^ 

14. aMin. 

12u a r35 0 


I’oiiits of inflexion 


3v'30 .5103V30\ /.V30 6103^30') 

■ 10 ’ " 1000 ')' V 10 ' 1000 ') 
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18. Max. - 9 at ar= -.S. Min. 15 at x-=^. 

16. Max. - 1 at *= - 1. Min. 7 at 17. Min. 9 at *=2. 

18. Max. -20at.e=l. Min. -23 at j; -2. 

Pointa of inflexion wliere and 

**• 2®- '-‘ai> + 6“). 26. S'x^-x^iy. 


a? y , 

* - ^ or a ~b. 
m n 



t 

Exercises. IV. 

Paok 45. 


1. 

2dx. 

2, adx. 

CO 

4. 2«u.Y/r. 

6. 

2xtlx. 

6. 2.rti.r. 

7. - ixdx. 

8. (6j:-4)(/c, 

9. 

{2ax f 6) dx. 

10. dr. 

11. 

- ^ ^ dx. 





iV*^ 

12. 

(2ax -^.Ix. 

18. li 1 


14. lx\ 

15. 


16. 

17. 

1 

A’ 

18. 

2^x. 

• 19. . 

20. 

1 



* N 



21. 

1 

22^ 2%^’ t 1. 

23. 

(i i)- 

24. 

A 

’‘2z ' 

25. a ^/y•* 1 2^/y. 

26.‘ 2y- 

r 3t-((5x-l)t<.j 

27. 

1 rwie. 

• 28. 21 878. 

29. 

2- 1889. 

87. 

0; 0. 

38. 

1J0x'-9Ux4 

21; 240.C-90. 

39. 

2 . G 

40. 

C 24 



aH * ^ X?' 

X*’ x'* 



43 2r ^ ^ 6r 24rf 
~ x*~ * 


UM 1)**’ 

n(ii ^ 1) 7i{7H-l)(n + 2) 


* Vx-*’ ‘ ’ ‘"j 

47. 2a? ~ 12tta; + 12x* ; - 12a + 24x’. 

48. 6a: (a* - Qa?x 4- lOax^ - Sa-^) ; 6 {a’^ - 12aV 4 - ‘iO-r^) . 

49. (0, 3). 60. (0. 5)! • 61. ( - ,«s, 2^?). 

62. (-2. 0). 68. (M„. g). 0 
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Exercises. V. Page 54. 

(i) 400 ; 300 -32<. (ii) 0; -32. <3760, 1406i); I'ieV : T- 


dfi- 


-dNjdt is the^ime-rate of decrease of the number of lines that pass 
through the circuit ; or the time-rate at which lines are vnthdraimi 
Xrom the circuit. ^ 


5. 

E=RO+L~. 

dt 

6. 


7. 

X 

7(1 

8. 

X 

,J{x’^ + a^)' 

9. 

X 

~ tsjid^ - 

10. 

3a; 

^(3a;2 + 5)* 

11. 

.3a; 

12. 

ax 

13. 

ax 

7(5 -S*'*)' 

,J{ax^^b)' 

sj{b - ax-)' * 

14. 

a;-f 1 

15. 

3a:-2 

16. 

2-5x 

.^(a;* + 2x-3)’ 

^(■^x^-ix+b)' 

^l{5 + Ax~*6x^)' 

17. 

2ax + h 

18. 

X 

19. 

X 

2\j{ax^-\-bx + c)' 



20. 

5{\-x) 

21. 

2a.'r 4- h 

22. 

2x 

V(5a;2~10ri;-f(>)2' 

2sJ{(ix^-\'bx-^cf\ 

34/(a;2-f- 1)2^ 


aa;2 

24. 

aa;2 

25. 

3aa:2 + ?> 

4q. 

~^{ax^ + hf' 

'ijiax^ + bf' 

,34/(»a^ -f bx + c)^* 

26. 

^aAx'^-\-2{aB-\-hA)X’\-aG’\-hB, ,, 

27. 

4aj3 - 20a;. 

28. 

3a;2-f 12a;-f- 11. 

29. 

2(2aj-l)(3a: + 4)y2x + 5). 



30. 

31. 


35. 

87. 

40. 

43. 

46. 

48 . 

48 . 

50 . 

51 . 


(ax b) [ex + df{6acx + 2ad -{- Sbr). 

(A -f Bx + G ) {5a A + Sa Bx -f 4-4 hx + aC + 2b B ) . 


2a A x^ + A hx ^aB 

^(Ax^+i) 

2x + l 

l-2a:-2ii:* 

30x*+8x-8 

l-X^ 


33. 


34. 


4a:2H-,3a;+_8 
x/U"+'4) ’ 

(. 3a;4-4 )(18a:2 -I- 5.3.r ^2) 
2j{xUSx-2) 


- axj- 


36. 


-2 


41. 

44. 


(5a; -I- 6)2* 
2a: 

(^••■*+1)2* 

a:-f2 

2^f(x-{-lf 


39. 

42. 

45. 

47. 


ad - hr 
{cx-{'d)- 
l-6a:-8a;2 

'{2+5x+xY 

1 


(x+l)V(**-l) 

6a:+2c 

2,^(aa:2-t-6a:+c)2’ 


+ cubic feet per sec 


Formula {B'), 


{3C^--X+l)^{X^-\‘X^+\)' 
du . dv , dw 

(i) 4lr feet per minute* ; (ii) 407r square feet per min. 

2«^u square feet per min. 

(i) 8Ta?y square feet per min. ; (ii) 4jra;2w cubic feet per min. 
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52. feet per min. ; feet per min. 
2Sir ^ ir-r* 


63. 1 foot per min. 


64. Max. Min. -it®. 
66. Max. — — ’ : Min. 0. 


65. Max. -V?o* ; Min. - 

^ ^ 
67. Min. - J ; Vax. J. 



limit and - 1 for lowtfr limit. 


• 


59. 

Min. ; Max. 3. 

'60. 

Min. 

^ ; Max. 





2{a - b) * 

61. 

Max. 

62. 

U; 

P- 






64. 


66. 

AP: 

J'fi - a ■. b. 

66. 

SH-; ?;(x'- + 2®M 2)1 

67. 


(j:’ + 3.i--2)*. 

68. 

- },U^ ; - J (3 - ®’)". 

69. 

-l.l 

2a 

; 

70. 

\ ; 1). 

71. 

1 

4»r 

Js'C.’a-“-4.v! 1). 


2u^ 




72. .^ i2s,l{^x--\-hx + c). 

iih 

74. ?t” ; -A- + 

n -f I 


2 ( 0 -+ 6 )* 


-g u - , 2ffr.r* ^ 
■ ’ \hi 

75. H"; 

7< I I 


Exercws. VI. Pa<}k 03 . 

2. 3. 4. .r- j 3.\ 

r. 7. f;.r' 


.r* X- -{ 2x. 


^ 10 . i hx* i .-.r. 


6 . '] x^ ^ J :r. 
8. - 2a;, 


U. laA.r'' ‘ Ah)x‘ + hn.r. l2, * 

13. + 14. ]o.»M ?i^rM Jra-»H d.iT. 

15. ;j ^/xr*. 16. 2 Jx. 17. - 18. - 

1 2 
19. log{a:+l). 20. - 21. art- 2 log®. 22. log®-^. 

23. 3®-21og®-^. 24. o.r + i. log ® 25. J(2® + 1)‘. 

86. 27. ^x/(2® + 3)’. 28. ^Aar+S). 


4(2® + !)’ 

20. 30. 81- ilog(2®-3). 

32. -jlog(.7-2®). 33. ®+21og{®-l). 34. *+f log(2®-3). 
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85. 

87. 

40. 

43. 

45. 

47. 

49. 

52. 

55. 

57. 

60. 

61. 

62. 

63. 


1 . „ a: ~ 1 
2* **+!' 

1 l«»2ar-3 
12 *2* + 3' 


hog £--2 

4 ° X +"2 


^s(^ + 2x^ + 5\og{x -\ ). 86. f ar^ - + 14a? - 26 log(a: + 2), 

89. 

2^3 ^x+^S 
44. 41og(a?-3) *-31og{a?~2). 


I log{x^ - a^). 
log(!fc-l) + |log(2x + 3). 


.A 1 ^ X Or 


^^tolog(a:-a)-61og(a:-6)]. 48. log 


log^ + 1. 

X X 


50. log 


a: + 2 


X - 1 ‘ 


51. 


y — ^ax'^ + hx + c. 63. y = ^a:^- Ja:® + f. 64. y = ^^® + ~+|* * 

58^ 3 ?= F/ cosa ; y= F(^ sina 

x-^iVt cos a ; y = F< sin a - g(^, 68. J km (a® - a*^). 69. E 


\V^^‘ 

km 


1 1 WIJ^ 

Ely^.;^^ Wi^iLx^ - 2 a^) ; A . 

Ery:.^W{^L"-x-4x^}; 


Exercises. VII. Pacje 67. 


1. JlogCa^ + a^). 

3. -j log {ax^ + 2hx + c), 
6. -^/(3-a:2). 

9. 

11. - 1 


2 . -J log {x^ -ij^ax + 6®). 

^ 4. 

8- ^v/(aj;®+6)’. 

8. ^{ax^ + 2bx+c). 

"2(^To=)' 

12. -^(.3.e«-14a: + 10). 


a®-3a?+8 

13. Y§T!-(16aj*- 12a: + 8).,/(a:+l)*, or, ■x5?(15a^+3a;*-4a:+8)iy/(a;+l). 

14. i\(6a:+13),,/(a; + 3f, or, -A(6a-“+31x+39Ma;+3). 

16. .5*y(6*>+6u:“+8.t + 16)v'(*-l)- 164 


17 

(m+l)»w» * 


6a 
n + 1 
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19. log/(a!). 
21 

. • ; 7 Fn)’ 


x+2 

j(3c^+^x+6y 


20. iV{3*®-2)s/(a^'+l)* 
22 2(oa;+^) 

aV5*^+6V 

24. ^ t 

a\/{j^ i-a®) 

*20.* 

1h - a^) ^/{x^ + *2ax + i)* 


Exercises. VIII. Page 75. 


1 . 

4. 2. 36. 3. 17 ?j. 

4. ,5. 

5 . -63j. 

e.» 

5. 7. -190. 8 . 0. 

9. 5 . 

10 . J. 

11 . 

IJ. 12 . 562^ 

13. A. 

14. 

15. 

?2\/2 1 ^ <2 

3 

17. 2. 

18. .-I,”*. 

19. 

21og2=l-.m3. 20. 

21 . 

I.)g4==!-.386;i. 

22 . 

^logS=0-8047. *23. llogY'^ 

r-=01iK)5. 24. 

Iog3- -0-.'> H»3. 

25. 

iQL-,.'..} “■ “5. 

27. 2l 28. 

J-*\ 20. a. 

30. 


32. 2 ;-;. 

33. 4«5. 


34. 98-, Vy. 


35. ml. 36. 1. 


8. 5«A» + 2cA 


41. cMog' 


44. 


1 - 1 } 


2/t= 

42. ,J4,/_L.__L.). 

« 

cS. 


f- /A- 

I 


43. 

(»-( l)<”‘ 

45r Trr/Vy. 


47. (i)|; (ii)x; (iii) ii.) 


3V. ft. 


so. 


12(1 


Exercises. X. Page ICX). 

‘5^- (i) I ; (ii) ^ iMa^. 12. Ma-, 

18. ^MaK 14. J/(|a* + c»). 15. 

le. (i) (ii) • n. Mt.+r.. 

18. (i) (ii) /y Jf(a*-1-4A*). 19. (i) y.VA»; (ii) IJ/A®. 

81, 42610 foot-pounds ; 72°. 22. 7980 foot pounds ; 93’ P. 
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INTRODUCTION THE CALCULUS, 

log’- Note that, by §40, example 1 ( 6 ), the total work 

\ 

done during adiabatic expansion and compression is zero ; also 
that, by §40, (ii) (iiil, 


1. 

4. 

7. 

10 . 

13. 

15. 

17. 

19. 

21 . 

23. 

26. 

27. 

29. 

33. 

36. 

39. 

42. 


2 cos X. 

- 2 sill {2x + 5). 

J-C08{-|a:-f;^ir). 

2 sin (3 - 2x). 

?|cos|:(a: + 2). 

27r 2ir , , . 

- cos — (a: + o). 

a a 

2 cos 2x cos X -> sin 2.r sin x. 

m cos mx cos nx - n sirimic sin nx 

3 sec*(3a? - 4). 

- 2 cosec (2x - 3) cot (2a; - 3). 
sin .c + a? cos x. 

2x sin X + a;^cos x. 

X cos X, 30. 

cos^a;. 


Exercises^ Xk*. Page 107. 

2. -2 sin 2^. 3. 2 cos (2a: + 5). 

6. -co8(3-a:). 

8. -^-sm(Ja;+ J tt). 

11 . 5co8 5{x - Iw). 


6 . sin (3 -a;). 

9. -2 cos (3 -2a;). 
12. -5sin5(a:- .’ tt). 


14. 


27r . 27r „ 

Ysm-^^-(a;-f2). 


tan a; + a: sec-^a;. 

2 cos X 
(I + sin 

- y cosec ^ cot f . 
^ 2 C 


X sin X, 

34. silica;. 

cos X ^ sin X 

X x^ 

2 sin X 
( 1 + cos x)‘^ 

43. a;^sinx. 


37. 

40. 


27r . 27r, ,, 

a a ' 

18. cos 2x cos a: - 2 sin 2 a; sin x. 

20 . m cos mx sin 7ix -H ?i sin mx cos iix, 
22. ‘ 3cosec2(.3a;- 4). 

24. 3 sec ( 3a; - 2 ) tan (3ar - - 2 ). 

26. cos a; - a: sin a;. 

28, 2 a: cos x - x^ sin x. 

31. cos’-'a;. 32. sin^a:. 

35. tan^a;. 

38 _ _ cos a; 

X X“ 


41. 


1 + sin 2 .t; 
44. 4a; sin 2a:. 


1. -3 sin ( 6 a; -4). 

3. - 4a cos^ (aa: + b) sin (ax + h). 


Exercises. XIL Page 110. 

2. 12sin‘**(4a; - l)cos(4a; - 1). 

4. vasm*^~^(ax-{-h)co8{ax-\-h). 


5. 

cos a; 

2;y/siu x’ 

0 -sin 2 a; 

/y/cos 2a;* 

7. 

2 sin X cos*x ~ 3 sin®a: cos%. 

8 . 

wsin”*“*a:cos 

"+*a? - n sin"‘'*'^a; cos' 

‘-la:. 

0 - cos a; 
sin^a: 

10 . 

-2 cos a; 

U 1 4- sin-a; 
cosfa; 

12 . 

, sin"* -*a;(m cos®a; + n sin^a;) 

sin'^a; 

co8”+*a: 

18. 

2 tan X sec^a:. 


14. 

2 sec^a; tan x. 

16. 

2a tan (aa; + h) sec*(aa; + h). 

16. 

2x tan X ( tan a: + a: sec-a:). 
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17. 2a;8m-*aj+a::2sin2a?. 18. 2 j; cos^e - sin ar. 

19. nx*^ ' ^sin" “^a;{sin a? + a? cos .r). 20. 7/x" ' ^cos” ' *jc(co8 x - x sin a?). 

21. Min. when a:=0, ir ; Max. when x — irj'l, .Sjr/2 ; Inflexion when x^v/4, 

^ 3ir/4, 57r/4, 77r/4. The perio<l is ir, hut in this and the following 

examples the values in tlie range from .t — 0 to .r — 2ir are given. 

22. Max. when a: = 7r/‘2 ; Min, when a: — il7r/‘2; Inflexion when a: = 0, 0*965, 

2*186, TT, 4*097, 5*328. 

23. Min. when a;— 0, tt ; w’hen a:=-j'/2, IW2; Inffcxioii when a?=:ir/3, 

27r/3, 47r/3, o7r/3. 

24. Max. when .r~0, tt ; Min. wljen*a:~T/2, 37r/2 ; Inllexion when a;~ir/4, 

37r/4, 57r/4, 77r/4. 

26. Max. when .r-0, ‘izr ; Min. when x-ir ; Inflexion when .r~ 0*616, 7r/2, 
2*526, 3*757, 37r/*2, 5*668. 

26. * Max. Avhen ar~0, tt ; Min. when x~~irj2^ 37r/‘2 ; Inflexion when x=^irj^y 

57r/6, 77r/l>. Htt/A. 

27. Min. when .a? -0, tt ; no point of inflexion. 

28. Inflexion wlien tr -O, tt ; no turning value. 

29. 2cos2.r. 30. -‘JeostV. 


^81. 2sec‘^a:(8ee'^.r (-‘2 tan-.r,, or 2(1 rtau^.r)(l i 3 tairV). 

32 . - (31 sin 5.r cos 3a* -f- 30 (;os 5.r sin 3.r), or - 2(sin 2.r I 1 <> sin Sa,'). 

33 . - (34 oos 5.r sin 3.<; + 30 sin 5a; cos 3.r), or 2(si n ‘2.r 1 6 sin H.r). 

34. 2mn cos itix cos ux - ( sin mx sin ha\ 

or I (/n-l- ny-^coH{m h n)x - (tn - /0“cos(/a - 'n)x. 


35. ~ 2?nn cos mx sin nx i ( w/-* -l' ??-)Kin tux cos ?/.>•, 

or - I {ill iw/)“sin(/// -i v)x - !.(/tt - //)‘’8in(?>/ - //)x, 

36. n”cos + 5 -}- J . 




/ 

TT 

\ 


*2" ■ V'os 1 

( 

2x -f 

7/7r 1 

1 

37. 

2” "^ sin 1 2a; *f t/ - 

^2 

j, or - 

2 J 

1. 

38. 


^ 7i7r\ 

3^ • / 0 
^ sin ( .l.r -f 

ii'r\ 

r 






/ 


ir\ 


2*’"^oos| 



1 

39. 

- 2“" 

^sin 1 ‘2a; -f tt 

1 

•i)' 

or 



40. 

3” 

/« 7i7r\ 

3 

/ 


7i7r\ 




cos 

4 

i(3x + -2 ) 

■U' 

cos ( 

.V -1 





42. 

54“ 44' ; 125“ IG’ 


48. 

1. 




49. 

60. 

1. 



51. 


■COH^U, 



52. 

53. 

hi>- 

a)^8in^*2M. 


54. 

2a®8in®?*. 



55. 


ti*cnsi*u* 

2 . 

1/5. 


Exercises. Xlll. 

1. 0*5403023. 


Pagk 117. 
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r. (i, + 


.... , a:» IZx’ ,, /3 . 32 »+»\ a!a>*+i 

7^*4 ‘ /q q2n\ .y.2n 

(Hi) l-2x“+ + _! + •••; 

(iv) - arV^-- ... +i( - lV(4«»+> +2»«+i) ,2^^+ ... . 
9. 2. 10. e. 11. 1. 


fi _ 1 

5 . 


12. 128/81. 


Exercises. XIV. Page 122. 

■ J cos 3a?. 2. cos(l-a?). 3. ~sin(l~a:). i 


4. ~ “Coa‘^(a: + /i). 

27 r a 

7, ? i. sin 2 (na? + a). 
2 4 n 

10. — J- cos^a?. 


6 . 6 . i 8 in 2 (?ia? + fl>. 


13. I 
18. |. 

29. jga4 
33. la^ 


14. 

19. 


T 

2 * 

Stt 

16 


8. tan x-x. 

11. -i tan^ar. 

T 


16. 


16 . 


20 . 0 . 


9. sin-’a;. 

12. - ^ cotV. 

17. 

n 

21 . 0 . 


30. 


34. rra, 
38. 27ra- 


.1. j.*. 

36. TT. . 


i)Tr 


- 10 "* 
36. 


87. 38. 27ra’-|l V / gin'icj- ; 47ra®. 39. 

40. (ii) V sin^r - % siiilr J sin^a? ; (iii) ' sin a? - ^ sin’^a? ; 

(iv) sin X - I 4 J 8ln®.r. 

41. (i) cos“a? - -J- coa-’a; ; (ii) | cos^a? J cosV - ?, cvts!^x ; 

(iii) J. cos^a: - cos x ; (iv) | cos’^ a? - cos a? - -g- ccs®a:. 

42. (ii) I tan’a? - -J tan‘*a; + tan x-x; 

(iii) tan^a? - ^ tan®a? + J* tan’r - tan x + x; 

(iv) tan^a? - tan^ar + i tan®.» - J tan’^a; -f- tan a? ~ a?. 




^ (i) 




Exercises. XV. Page 128. 


««) 
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6. (i) II£Jco8/3; 

(ii) •pi£',co8(<,, 

1 ~ ^i) 4-^ /‘J^‘2 CCS (ttg 

-w- 

6. (i) a4o ; (ii) Ar 

: (iii) lir. 

7. (-iri"^. 

r 

8. -iT. 

r 

^ cos rTT - 1 

®* y2 * 


10. 0.* 

• 

2t 

n- 

12 cos rTT ^ 2(coar7r -l) a am air 

35r 128 .32 

256- STo- * ”• nr,- 

14. 

3.5ir 

18. 

128 

19. 

4 

”• 1- 

rJ 


99 ii 

^ .3ir. 


“■ w 


27. *. 

2;)(> 

29. 7rO“. 

30. 


PvorHflAfl XVI. 1*A(;k ir>2. 


1. 26*42 + 24 *57 cos i- 1 *08 coh 2.i* - 20 cos Ih' \ 1 ‘oS c<vs 4.r 

+ l‘76cosr>.r V 3*08coK(>.i' f ir^-IOsin.r - 1, *1*42 sin 2.r 
4- 20* 17 sin - ‘VO:» siti 4a: - i>*02 sin .V. 


2. 7*42 4- 29*70 COM cr - 0 *08 cos ‘2r - 13*17 cos 3.r 6*9*Jcosl:c 0*03co85.^* 
- 4*92 cos (ia* ~ 14*3*2 sin .r - 13*13 sin 2.r t 18*33 sin 3.»* 

-6*21 sin4.r ! 4’losin oa*. 

8. 0*0764-4*54cosa*4-V27coH2.r4 0*02co.s:U* ()*10 coh 4.c 4 0*09co»5.r 
4-0*1 1 cos 6.C f 7‘4Tsin .c } 1*79 sin 2;r -i 0’10sin3.r 
4-0*12 sin 4.C j 0*03 sin .o.r. 


4. 1*504- 18*24 cos x I- 1 *<M1 cos 2.r 1 *,‘{7 cos 3.r <) *20 cos 4a’ j 0*23 cos 5a: 

-^-3*69sina'4'0'<Hisin2.r 0’40sin3a- t 0*4Osin4.r ] 0*1 1 sinna:. 

TT 4rco8.r cns3.r (;os5a’ . coh( 2?M l).r H 

7. .r '■•i 

8. sin ( - a:), or - sin a'. 


f. 1 2 Pens .t* cos 'la* cos 5.r cos 7a* *1 i i 

9 . ^ J; 1, ,,0. 

10 . - r cos a: - ~ cos 3a* 4 !. cos 5a; - 1 cos 7.c -{ . .1 

tL 3 5 / J 

2r 1 1 . . i . „ -] 1 1 1 1 1 

4- .sin a; 4- ^ sin 3a* 4- . sin oa* 4- ^ sm 7.c 4- . . J ; - “ *2’ 2’ 2’ “ 2' 

11. ^-|^sin.r- ^2.sin5ar4 ^Tjsin7a:~yj2sin lla;4'...^; ^^»* * ^2®“' ‘2 


rv nr 
cos . 
0 


Scries represents x from a*“0 to R*om a:= -- j 

2ip 27r 

a;=: -Ty ; and ~(ir4-a;) from a:= tox^-r. 


to 
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12. ~ I sin -I- i sin 3a; + i sin 5fl? + .. . 1 • 

TT o 5 j 

TT^ f 1 1 1 1 

18. - 4| cos 27-1^ cos 2x + cos 3a; - cos 4a; + . . . > ; 

2 r/TT^ 4 \ . . 7r2 /V-i 4 \ . ^ 7r2 . ^ H 

- 1 ( y” p jsin sin 2a; + f jsm 3a; - ~ sin 4a; + . . . • 


16. 

1 . 

4. 

7. 


n V A CLTT 


18. 


Exercises. XVII. Page 1.59. 
1 


^(1 -4:c'‘)' 

1 

\j {*2x - 
3 

5 -f- 2a; -f 2a;-* 


2 . - 

6 


1 


aJ{2x - a;-)* 
a 


10. a;sin"^:i;. 
13. 2a; tan '^a;. 

16. 


\/{l ”■ itY\ 

11. V{3 + 2a;-a*‘‘^). 


14. 


6 . 


v'C2 + .f-a;^) 
-1 


2-2a; + a;- 
9. sin ~ ^x. 


12. tan" 

1 -f- x^ 


■ 'te) 

17. .^;t\/(3- a*-)+ !! 


15. -.V sin 


18. ar-) -l 19. _ „V‘) + ;2sin 


20 
22. sin 




24. J 


26. 


3.r - 4 


^-V{24.t; - 9a- 2 - 7) + f sin - ‘ j ) • 


28. — rtan 
ab 


'('0 


m 

2.r-a , . , . ..(2x - (i\ 

23. -o-)+,j^ sin --~y 


:. I sin ^ 25. j- ^ ^^/(3 + -- 4.u“) + sin " ^ 


27. ..ctan“ 


30. 




33. 


TT 

4a’ 


34. 


31. 


35. 


— 2 
36. TT. 


Exercises. X'V’III. ‘Page 167. 

■• -A-' 
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4. 

{a'-x)sjx 
cot X. 8. 

cos a’ 

TT^ia** 0:4 sill a; ^ siiia’ f cosa* 

14. + 15. taiv'x.. 16. -I’*''';;!' J- 

am 'j' -i~ oi ivi i ‘ •A "i JL 

17. ^'(.r'-+'2x + Z). 18. 1 + loga;.' 10. I Ha--'‘loga:. 

20 ^ - . 21. f'u’n 1). 22. c-'(l-r). 

■ x"(x--l) 

23. x"-V(.<; + J!). 24. 25. 10'log,.l(>. 

26. - 10"-^ log,. 10. 27. » *^(sina' + cosa'). 28. (cos a -sin a’). 

2 V e"'^{ - llsiu(4aM-r)) + 4-cos(4.c + r))j. 

30. - e '^{3 cos (4.r -j- 5) + 4 sin (4.i: 4 - o)}. 

31. e-^{a sin {kv h cos {kr -i r)}. 32. f” {(t cos {hx \ r) - h sin {kx -i- r)}.. 

XX ^ _1 

83. .i 34. .!;(.■''+<;“)• 35. 

36 _ ' . -- (- 42. l(.g{.i + \Ar'‘- i). 

.1’^ ’ X'^ * .f" 

’)!• I'wl-*' ' I -'wV-' 2)). 

45. ^.jlog |.-t ‘r; . i f,)}- “G. l-v I,.-- » 2,,x + u% 

47. }(2..:-3)s'{{^:-l)(3--‘i)i - I- * v'U-'' 'H.'' 

48. + <-Uh“ I « i I 

49. ja-Mog..-- 

51. -i_x'‘-'nogr-7— 

11+1 ■ • (lt+ 1) , I . 

58. e'(a^-i.+2). 64. < "(a-’ + I' m- - 6 ). 85. -« (a:+l). 

66. -e-^(y-= + '2.c-i ‘2). 57. -<• -(a- i .5.- + «a +6). 

58. 2’„='Ae''‘’'; {>) (ii> 7'. - 7’,''' 

69. * 


8. -tuna*. 9. 2 sec a. 

« n 1 + COS X » i 


6 . 

:)* * a** 4 rt-.t:^ 4 '«^ 

10 , - 2 cosec X. 

2 cos 

^ * sill X + cos a 

16. 

2 -“ -a 4 1 

19. j-'* I iM'’*“^ log a\ 


22 . c -^(1 -o). 
25. lO-^logJO. 


1 


J 

Napicriun 

Lo^jaritlmis. 

2. 

0-09315 

3. 

I'lmsoi 

4. 

1 1 

5. 

1 -(>0944 

0. 

1 79170 

7. ' 

*194591 

8. j 

i 2 07944 

9. 

; 219722 j 

10. 

! 2-30259 1 


('(.tjlllHtll 
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6. .jV ^ ( 3 sill Sx - 4 cos 3a:). 
8, -i\)- e~^{2 sin 2x - cos 2x- 5), 


Exercises. XIX. Page 173. 

1. |-c^{sin a; - cosar). 2. i6*(sinar + cosa:). 

8. “ ^ e“'*(ain x + cos x), , 4. J-c‘^(sin x ~ cos a;). 

8. - " *"*^(3 sin 4a; 4- 4 cos 4a:). 

7. e* (5 - 2 sin 2a; - cos 2a:). 

9. 


18. 


-Uf f . 2V'hka . I 

27. a;=e **Macos?i^ + ^ smw«; 

I 2n 


i- AO. 

cos 5 - 4 sin 5 } = 0*1875. 11. 

12. 

k 

1*2 + n3’ 

isina + Moosa 

F+«^ 

14. 15. 16. 1. 

4 2 

17. 

1. 

1 19. 

20. (i)--; (ii).. 

21. 

ir 

2a5‘ 


Exercises. XX. Page 180. 

1. XjX + yij/-!^; y^x-x^y^O. 

2. yiyr=:2a(x + Xi); yi(a;~a:,)4-2a(y -y,) ^- 0. 

y:=^xlt-hat; y~-tx -h 2at -} af‘\ 


~ai^ W-'" 

— cos B I- 'f sin 6=- \-, 
a /> 


ir^y 


-a 2 _ 7>2 


- /A 


Vi 

ax hy 

CO3 0 ain^ 

8. P lies between K and L, 

X ^ X X _r 

9. Subtangent = a ( c « + - e “) ; 

'iU ^*2x 

Subnormal —\a\€*^ - e “ ) ; Normal— y7^- 

10. Subtangent = h tun ~ ; Subnormal - sin . 

11. (i) 2 ; (ii) 2 ; (iii) 2a ; (iv) 2a. 

1 . 1 . /:::x 2b . 2h 


12. (i)^; 


(iii) 


d + o’*)* 


(iv) 


(l+a'*)*^ 


Exercises. XXI. Faoe 186. 

4. I!Iy=-^W(4a^-12La^+9Lh;- L’‘). 

Exercises. XXII. Fage 181. 

8 . »=t(e ^ ; tj/» 0 =O‘ 368 ; iJi^=:0-X35 ; i,/»j= 0 ‘ 050 ; t 4 /jQ= 0 ' 018 . 
». (i) 0 ; (ii) //^/ 2 . 
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AlKlaiik-Abakanowicz, ‘20S. 

Acceleration, 40. 

Adiabatic c.xpaiisioii, 00. 

Anchor ring, 87. 

Approximations, 42, 105. 
to areas, etc., 84. 

Arc, derivaiiv^e of, 82. 

of circle, Huygln‘iis‘^apf>ro\ima- 
lion, IK). 

Area, derivative of, 00 
interpretation of, 7*1. 
of surfaces, S.‘{. • 

sign of, 70. 72. 

Argument of a function, 3. 

Bending of a ])eam, ISl. * 

Catenary, common, KiS, 184. 
of uniform streni^th, 1(J8. 

Centre of eurvatur* 178. 
of gravity, inertia, ma.s.s, 80. 
of {)ressure, 02. 

Centroid, 89, 110, 203. 

Circle, area of, 122. 
of curvature, 178. 

Circular functions, derivative.s of, 
1 05, 1 DO, 

integrals of, 119, 156. 

Compound interest law, 160. 

Concavity, 13, 47. 

Cone, volume of, 86. 

Constant, 2. 
of integration, 59. 

Continuity, 13, 142. 

Convexity, 13, 47. 

Cosine series, 144. 


I e(*s.r, series for, 113, 

(hirvatiire, 177. 

I eentic, circle and radius of, 178. 

I fornnda for, 170. 

; Tteoea.siiig fiinetion, 7, 33. 

I Definite integral, srr Integral. 

I l>ep(‘ndent variable, 2. 

' Dt'i ivativi*, 27. 

j Idgber, -H. 

• of circular functions, 105, 155. 

I of exponential function, 163. 

, of fum tion of function, 50. 

! of logarithmic function, 163. 

* t»f jKovers, 28. 

I of product, 52. 

1 oi jjuotient, 53. 

' <»f .sum, 28. 

! Ih rned curve, .36, 196. 

, fmn‘tion, 27. 

DidVrential .41. 
coerticicnf, 27. 

i Differential equations, 61, 64, 109, 

; 172. 
j Differentiation, 27. 

; Derivative. 

! Dhseontinuity, 13, 142. 

i Durand, W. F., 208. 

j Elasticity of volume of fluid, 49. 

Electricity, examples from, 188- 
193. 

Ellipse, arc of, 88. 
area of, 76. 
curvature of, 179. 

I normal and tangent properties 

> of, 176, 180. 


The immHrn refer to pa^ea. 
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Energy, kinetic, 51, 128. 

Equation, graph of, 1. 

Expansion, of log (I + a:), 165. 
of coair, siii.T, etc., 113, 117. 
of tan "‘a;, 158. ^ 

Explicit function, 4. 

Exponential function, Kil. 
derivative of, 163. 
integral of, 164. 

Fluent, fluxion, 49. 

Force, 49, 51. 

Fourier series, 130-154. 

Function, 3. 
decreasing, 7, 33. 
even, IS. 
explicit, 4. 
graph of, 3. 
implicit, 4. 
increasing, 6, 33. 
inverse, 5, 155. 
notation for, 14. 
odd, 18. 

of a function, 60. 
periodic, 143, 151. 
turning values of, 10, ,33. 
uniformly varying, 6. 
variation of, 10, 32. 

Geometrical applications, 175. 

Gradient, 5, 29. 
average, 7. 
of a curve, 21. 
of a function, 27. 
variation of, 11, 36. 

Graph of nn equation, 1. 
of a function, 3. 

Graphical integration, 196-208. 

Harmonic motion, simple, 109. 

, with decreasing amplitude, 173. 

Hooke’s la\r, .50. 

Huyghena’ rule for circular arc, 
116. 

Hyperbola, 180, 181. 

Implicit function, 4. 

Increasing function, 6, 33. 

Increment, 6. 
notation for, 15. 

Inertia, centre of, 89. 
moment of, 95. 


Infinite limit, 170. 

Inflexion, point of, 13, 35, 45. 
Inflexional tangent, 13. 

Integral curve, 197. 

graphical construction of, 199. 
Integral, 59. 
definite, 71. 
double, 193. 
general, 59. 

geometrical representation of, 
71. 

indefinite, 59. 
limit of a sum, 77. 
standard forms, 60, 119, 156, 
164. 

Sec Integration. ’ 

Integrand, .59. 

Intcgraph, 208. 

Integration, 58. 
by change of variable, 65, 73. 
by partial fractions, 61. 
by parts, 125. 
constant of, 59. 
graphical, 196-208. 
of circular functions, 119, 156. 
of exponential functions, 164. 
of logarithmic functions, 164. 
of powers, 60. 

of trigonometric functions, 1 19, 
156. 

Se.e Integral. 

Inverse function, 5, 155, 
Isotlicriniil expansion, 99. 

Johnstone, John G., 208. 

T^eibniz, 81. 

Limits, 22-25. 

of a definite integral, 71. 
infinite, of integral, 170. 
Logarithm, hyperbolic, or natural, 
or Napierian, 163. 
Logarithmic decrement, 173. 
Logarithmic function, 163. 
derivative of, 163. 
integral of, 164. 
series for, 166. 

Maximum, 10, 37, 45. 

Mefvi values, 124. 

Mechanics, applications to, 48-50, 
89-102, 181-188, 201-208. 


The numbers refer to pages. 
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Mensuration of common solids, 
86-8S. 

Minimum, lU, 37, 45. 

Moment, bending, 97, 183. 
first, 89, 201. 
of inertia, 9.5, 193, 205. 
second, 95, 193, 205. 

Momentum, 49, 51. 

Napierian logarithm, 163. 

Newton, 49, 68, SI. 

Normal, 175. 

Number f, 161. 

IT, 159. 

C^)late wspheroid, volume of, 87. 

Pappus, tlu‘orcm.s of. 92. 

Parabola, are. of, 88, 168. 
area of, 75, 76, 84. 
curvature of. 179. 
normal and tangent, 
prop< rtioH of, ISO. 
scmi-«‘iil)i(al, 88, ISO^ 
Paraboloi<l, volume of, S7. 

Periodic functions, M5, 151. 

Point, of inflexion, 1.3, .35, 45. 

turning, 9, 33. • 

Pf)wer, dcrivjitivo of, 28 
integral of, 60. * 

Pressure, at a point in :» fluid, 4’t 
centre of, 92, * 

Probate s])lu*roid, .surfai'c of, 8.S, 
123. 

volume of, 87. 

Radius of curvat ure, 178. 

of gyration, 95. 

Rates, 7, 32. 

Runge, 130, 136. 

Series for cos.r, .sin.r, etc., 1 13, 117. 


; Series, for c', 162. 
for log ( I 4 a ), 165. 
for tan “ br, 158. 

Fourier, 13f)-154. 

] Simple liarmnnic motion, 109. 

: >vitl) decreasing amplitude, 173. 

Sim|)son*s*i»’ules, 84, 8S. 

' , Sphere, surface of, 83, 123. 

' volume of, 81. 

I * Splieroid, oblate and j^rolate, 87j 
i SS, J23. 

! Stationary value, 33. 
j Subnoi^nal, 175. 

: Subtangent, 175. 

’ Snrf.aci', an‘a and volume of, 81, 
i 83, 86. 

j 

! 'fan be, series for, 158. 

I 'r.angcmt to a chi n e. 19. 

• c<pi;ilion of, I7ti. 

inllexional. 13. 
j of, 175. 

1 3\»re.’s7, 

'I’l igtuiomct I ic fund ions, 

I tieri va,l i\ es ol, HI5, 155, 

integrals of, 1 19, 156. 

'I’rigornunetric* .s<Ties, 1.30. 

'ruining point, 9, 3.3. 
value, 10, 33. 

X'alue. ^talicmavy, 33. 
turning, 10, 33. 

Variable, change of, .51, 65, 73. 
de|)(anlent and iiidepemlent, 2. 
of integrat ion, .59. 

' Vari.'ition of a function, 10.32. 

Wlojity, 49, 55. 

Viljiation, llanijiud, 173. 

X’olumcs, SI. 

of common solids, SO- 88. 

\\5>rk, 50, 98-100. 
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By Professor G. A. 6IBSON, M.A. 

Crown 87 'o, ys. G/. 


An Elementary Treatise on 
the Calculus 

WITH ILI.USTRATIONS FROM GEOMETRY, 
MECHANICS AND PHYSICS. 


Edw'atitmal A'etrit . — ^‘'IVachera of higher inat})ernati(‘H would do 
well to luuke a careful examination of this hook. Many ineiiihers 
of our profession have, through ilisuse, allowed their knowledge of the 
(^'dciilus to rust; to th^se \vec«in reconiniend no heifer h<M>k than this, 
for the author is most U[» to date in his facts and luunenehit lire." 

(rHitniian, A book which we believe will he very generally 
w^elcoined in classes where a sound knowledge is re(j aired as a basis of 
future Work of a piactical nature. Its aim is to give a broad view of 
the ehuneiits of the calcuhis in such a form as is most usefid af the 
j)resent time.” 

*Sc/)ooif World. “ llis teaching cxperierice has enal>le<l him to jmt 
the main propositions with all the simplicity and clearness Unit is 
consistent wiih t^orouglincss the h<»ok appeals to a 

student of fair mathematical <3a]:>acity, nnaeipiainted with calculus, 
hut able to lead ami apprc' iate a Careful and detailed discussion ; and to 
.such a reader, especially if he has no teacher to considt, the help given 
in the way of conniient and illustration wdl he very valuahh*.” 

Oxford }fagnziite.. “For those pupils ^ ho aim at employing their 
mathematical knowledge in the study of chemistry or physics thin 
little volume is admirably suited.” 

Educational Times , — “ F'orrns an important addition t<i the text- 
hooks which have been written on the subject.” 

South African Educator. “This work is sure of a warm welcome 
from all teachers of mathematics, especially as the skilful hand of 
a practical teacher is in evidence throughout. This treatment is as 
luminous as could be desired, and the number of exercises on the 
different parts of the book is determined by the real need for 
them.” 



New Ireland “This we beHeve, the most piactical 

elementary book on the Calculus — at least, in Englis^h — that we have 
met >vith. Its aim is to prepare the student for immediately apply- 
ing its principles and processes in any department of his studies in 
which the Calculus generally used. . . . Much attention is pai<\, 
to the theory of grajms atid units, and this part of the book will 
prove of the utmost intere‘*^t and importance. ... A book whicli 
we can very cordially recft’mime^d.” 

Journal of Education .— cannot call to mind any elementary 
text-book that is more lucidly and accurately written, or one likely 
to give its readeis a clearer conception or a firmer gmsp of the 
^rst principles of the subject.*’ 

•Nature , — “Among several notable characteristics possessed by this 
work, the most prominent appears to be the severity of its logic. aU 
one injportaiit respect it differs from the usual English mathematical 
treatise — it seems to speak to the student, warning him against too 
probable error, and giving him advice. This is a feature which 
should be encouraged.*’ 

Ulot . — “We feel convinced that Professor Gibson has not only 
yn’oduced a very useful text- book, but thnt he has also helped to 
indicate a desirable reform in matheniati al teaching.” 


BY THE SAME AUTHOR. 

Cro7i^fi Szfo, 3.V. 6d. 

An Ele*mentary Treatise on 

Graphs 

This work is destined to present the subject of Graphs in a 
connected form, simple enough in the early stages for the mere 
beginner, while including* the ultimate development such of 
its more important applications as come within the range* of 
Elementary Mathematics. 








